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A B S T R A C T

The widely accepted standard model of cosmology consisting of a
cosmological constant, Λ, and cold dark matter, or ΛCDM, suffers
from many well-known problems which motivate the study of altern-
ative models. This thesis is an exploration of some of these altern-
atives, focusing in particular on the interacting vacuum scenario. In
this scenario, vacuum energy and cold dark matter are allowed to
exchange energy.

We perform a detailed study of models within the interacting vacuum
scenario, using Markov chain Monte Carlo methods to constrain the
parameter space using the latest observational data. When compar-
ing the alternative models to ΛCDM, we find some cases which are
weakly favoured over the standard cosmological model, although the
tensions present within ΛCDM remain mostly unresolved.

We then move to forecasting future constraints on another funda-
mental aspect of cosmology: the distance duality relation. We create
and use mock datasets of standard sirens, baryon acoustic oscillations
and Type Ia supernovæ to forecast constraints on a violation of the
distance duality relation due to photon–axion mixing, uncovering a
potential smoking gun for modified gravity models with a particular
screening phenomenology.
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Truth? A pebble of quartz? For once, then, something.
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0
P R E FA C E

Questions about the Universe and our place within it have figured in
the imagination of humanity for millennia. Some of the most spectac-
ular surviving Palæolithic art, in the Lascaux cave system in south-
ern France, depicts the Pleiades constellation clearly visible over the
shoulder of an aurochs, in an image created by human hands more
than 15,000 years ago [5]. However, cosmology as a physical science
has only developed relatively recently, arguably with the inception
of general relativity in the early 20

th century, which provoked many
questions about the behaviour and evolution of the Universe on the
largest scales in space and time [6].

Hot on the heels of general relativity came a number of observational
discoveries that quickly lent weight to the idea that the Universe is
vast, populated by many galaxies distinct from our own, and expand-
ing [7]. The notion of an expanding Universe naturally led to the
question of how the Universe began, and so the hot Big Bang model
of cosmology was developed, based on the simple principle that the
Universe is homogeneous and isotropic [8, 9, 10].

The relic radiation from the Big Bang was first observed in 1964 as a
uniform temperature across the whole sky, known today as the cos-
mic microwave background [11]. Since then, a further sixty years of
scientific advances has left us in possession of the exquisite meas-
urements of the cosmic microwave background made by the Planck
satellite, which confirmed the postulated isotropy of the radiation to
around one part in 100,000 [12].

However, the observational power we have at our disposal in this cur-
rent era of precision cosmology continues to pose as many questions
as it does answers. Just before the millennium, observations of distant
supernovæ provided convincing evidence that the expansion of the
Universe is apparently accelerating [13, 14]. In the simplest cosmolo-
gical framework of spatial homogeneity and isotropy, this apparent
acceleration is attributed to dark energy, in the form of a cosmological
constant that becomes dominant at late times. But is the cosmological
constant really the best explanation for the perceived accelerated ex-
pansion?

1



2 preface

Our excellent precision in measuring the expansion rate of the Uni-
verse (quantified in the value of the Hubble parameter today, H0) has
revealed that measurements of H0 made using different probes at
high and low redshifts do not agree [15]. What is the reason for this
tension?

Future measurements of all the different cosmological probes will
yield even more precise constraints on the parameters of our cosmo-
logical models than current data is able to. How can we ensure we
are not losing out on accuracy and becoming susceptible to bias when
striving for ever more precise measurements?

This thesis is an attempt to answer these three questions.

In the standard model of cosmology, ΛCDM, the cosmological con-
stant Λ is responsible for the late time accelerating expansion of the
Universe. However, the cosmological constant explanation of dark
energy is deficient in many aspects, which motivate us to consider
alternative models, which must in turn be rigorously tested and con-
strained.

The majority of this thesis is devoted to a detailed study of the inter-
acting vacuum scenario, an alternative type of dark energy in which
the vacuum is free to interact with cold dark matter. In Chapter 3

we present the theoretical background to this scenario, followed by
constraints on various models within the scenario from observational
data. In Chapter 4, we extend this analysis to reconstruct the coupling
between the vacuum and cold dark matter as a function of redshift,
again using the latest observational data. We then move to an analysis
of the Shan–Chen dark energy model cast into the framework of the
interacting vacuum in Chapter 5.

We conclude the exposition of the novel research work presented in
this thesis with Chapter 6, where we demonstrate how the distance
duality relation can be probed using mock datasets of one of the most
exciting future probes in cosmology: standard sirens. In this chapter,
we also address the notion of biased detections that can arise when
analysing non-standard cosmological models.

However, we begin by laying the foundations of physical cosmology
in Chapter 1, covering the Friedmann–Lemaître–Robertson–Walker
solution to the Einstein equations, observational probes in cosmology,
the ΛCDM model and the theoretical and observational problems
that model faces. We follow this with an explanation of our meth-
odology in Chapter 2, in which we cover cosmological perturbation
theory, statistical methods and the numerical codes used for the rest
of the work described in the thesis.
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Following the chapters containing the research work described above,
we conclude the thesis in Chapter 7 with a summary of the main res-
ults, a discussion of their impact on the scientific community and
some possible future directions for research in the field of dark en-
ergy.

Throughout this thesis, unless otherwise specified, we use units in
which c = h̄ = kB = 1.





1
C O S M O L O G Y

In this chapter, we review the fundamentals of physical cosmology
that are relevant for the ideas discussed later in the thesis. We cover
general relativity as the theory of gravity, the Friedmann–Lemaître–
Robertson–Walker (FLRW) Universe and the ΛCDM model of dark
energy and dark matter. We outline the main cosmological observ-
ables and describe how measurements of these observables help to
constrain cosmological models. We explain the main problems with
ΛCDM, and conclude the chapter with a discussion of alternative
dark energy, dark matter and modified gravity models.

1.1 the flrw universe

The cosmological principle states that on sufficiently large scales,
the Universe is homogeneous and isotropic. A 4-dimensional space-
time with homogeneous and isotropic 3-dimensional subspaces is de-
scribed by the FLRW metric, the line element for which can be written
as

ds2 = dt2 − a(t)2
[

dr2

1− Kr2 + r2dθ2 + r2 sin2 θdφ2
]

, (1)

where a is the cosmic scale factor, K is the spatial curvature of the
Universe and t is cosmic time. The spatial curvature can either be zero
(flat Universe), negative (open Universe) or positive (closed Universe).
The parameter K thus takes a value of 0, −1 or 1.

At very early times, the Universe underwent a period of accelerated
expansion, known as inflation [16, 17]. In the standard cosmological
paradigm, the accelerated expansion is driven by a single scalar field
slowly rolling down its potential. Despite its large size, the Universe
is very homogeneous in temperature and is almost exactly spatially
flat, two issues known as the horizon and flatness problems. Single
field slow roll inflation is a mechanism by which the Universe can
grow extremely large extremely rapidly, thereby solving these prob-
lems. Therefore, from now on, we set K = 0.

5



6 cosmology

We will assume that gravity is described by Einstein’s theory of gen-
eral relativity [6], which has the field equations

Gµν ≡ Rµν −
1
2

Rgµν = 8πGTµν, (2)

where gµν is the metric on some 4-manifold M and has the pseudo-
Riemannian Lorentzian signature (1, 3), Gµν is the Einstein tensor,
comprised of Rµν, the Ricci curvature tensor and R, the Ricci
curvature scalar. The left hand side describes the geometry of space-
time and the right hand side describes the energy–momentum con-
tent of the Universe through the energy–momentum tensor Tµν. New-
ton’s constant is represented by G.

The contracted Bianchi identity, ∇µGµν ≡ 0, describes the covariant
conservation of the Einstein tensor Gµν and implies that the total
energy–momentum tensor is also covariantly conserved, ∇µTµν = 0.
Using the perfect fluid form for the energy–momentum tensor, Tµν =

diag(ρ,−P,−P,−P), we can identify an energy density ρ ≡ T00 and
a pressure P ≡ −Tij.

1.2 cosmological dynamics

Solving (2) with the spatially flat FLRW metric and the perfect fluid
form of the energy–momentum tensor results in the equations which
govern the background evolution of the Universe, the Friedmann
equations:

H2 ≡
(

ȧ
a

)2

=
8πGρ

3
, (3)

Ḣ = −4πG(P + ρ), (4)

where H is the Hubble expansion scalar, ρ is the total energy density
of the Universe’s components and P the total pressure. A dot repres-
ents a derivative with respect to cosmic time. From these we can also
derive the continuity equation,

ρ̇ = −3H(ρ + P). (5)

We can define the equation of state for any given component,

w ≡ P
ρ

, (6)
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and if we assume it to be constant, we can find the evolution of the
energy density,

ρ̇

ρ
= −3

ȧ
a
(1 + w), (7)

ρ = a−3(1+w). (8)

After the inflationary epoch, the scalar field that drove the accelerated
expansion decayed into the radiation, matter and dark energy content
of the Universe in a period known as reheating [18, 19, 20]. At this
time, the Universe was radiation dominated. The equation of state
for radiation is w = 1/3 which implies that ρ ∝ a−4 and hence a ∝
t

1
2 . From (4), ä < 0, meaning that during radiation domination the

Universe is expanding but slowing down.

The continued expansion and cooling of the Universe allowed the
quarks to combine to form baryonic matter, and eventually the bary-
ons to combine and form atomic nuclei in a process known as Big
Bang nucleosynthesis [21]. Due to Compton scattering off the free
electrons, the photons could not propagate freely during this time.

However, oscillations analogous to sound waves could propagate in
the plasma, leading to a relative over-density in the plasma on the
scale of the sound horizon. These baryon acoustic oscillations resulted
in an increased amount of clustering in the matter content on that
scale, visible as an imprint in the large scale structure of the late time
Universe. We will discuss this further in section 1.5.

Eventually the Universe cooled sufficiently to allow for de-ionisation
of the primordial plasma, thus allowing the photons to decouple from
the electrons and freely stream across the Universe. This means that
there is a fixed surface – the surface of last scattering – before which
we cannot make optical observations of the Universe. Today, we ob-
serve the photons from the last scattering surface as the cosmic mi-
crowave background, which we will also discuss in more detail in
section 1.5.

We can model the baryonic matter as a pressureless dust, with the
equation of state w = 0. This means that ρ ∝ a−3 and a ∝ t

2
3 . Since

radiation decays as a−4, at early times the Universe transitioned from
a period of radiation domination to a period of matter domination.
The moment of matter–radiation equality and the transition to the
matter dominated epoch occurred before the period of last scattering.
Again, from (4), ä < 0, so during matter domination the Universe
is expanding but not accelerating. With the matter component now
being the dominant component in the Universe, the first stars began
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to form, followed by the formation of globular clusters, galaxies and
galaxy clusters.

1.3 cold dark matter and late time acceleration

So far, we have only considered the presence of baryonic matter,
which interacts electromagnetically as well as gravitationally. How-
ever, the presence of matter in the Universe which does not interact
electromagnetically has been known since the early 1930s due to ob-
servations of the velocities of galaxies in the Coma cluster, which
were found to be moving much faster than predicted by the virial
theorem [22]. To properly satisfy the virial theorem, the mass of the
galaxies in the cluster must be greater than their visible matter im-
plies, meaning that there exists some unseen dark matter that only
interacts gravitationally.

The notion that galaxies and galaxy clusters are virialised objects is of
course an assumption, but further evidence for the presence of dark
matter has been found by examining the rotation curves of individual
galaxies (the rotation velocity does not decrease with radius, imply-
ing there is a large quantity of non-luminous matter in the halo of
every galaxy) [23], X-ray emissions from galaxy clusters (by compar-
ing the theoretical prediction from the hydrostatic equilibrium equa-
tions for the temperature and density of the ionised gas in clusters
we see a discrepancy in the predicted and observed mass of the sys-
tem) [24], the growth of large scale structure (perturbations in the pre-
recombination photon–baryon fluid cannot grow until the surface of
last scattering, meaning structure growth purely due to baryons does
not match the growth we actually observe) [25] and finally the fea-
tures we observe in the power spectrum of the cosmic microwave
background, which we will discuss in more detail in section 1.5.

Little is known about the actual physical properties of the dark mat-
ter particle, and even the idea that is is a particle is unproven. How-
ever, cosmological observations have enabled some inferences to be
made. For example, we know that the particle must be “cold”, that
is non-relativistic, from observations of large scale structure [26]. Ob-
servations of the cosmic microwave background [27] and Lyman-α
forest [28] have also placed bounds on the mass and properties of
the dark matter particle, and observations of the Bullet cluster can
be used to constrain the dark matter self-interaction cross-section [29,
30]. Hence, in the Λ cold dark matter (CDM) model, the dark matter
is considered to be a weakly interacting massive particle, or WIMP,
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though many alternative ideas exist. We will discuss some of these
ideas further in section 1.8.

Finally, we have known since 1998 that the late time expansion of
the Universe is accelerating [13, 14]. This discovery was made by ob-
serving Type Ia supernovæ, which were found to be dimmer than ex-
pected in the expanding but decelerating Universe that is expected for
the matter dominated scenario. We will discuss Type Ia supernovæ in
more detail, along with other observational evidence for dark energy
in section 1.5.

In order to have an accelerated expansion at late times i.e. ä > 0,
the Universe must be dominated by a component with negative pres-
sure. From (4), this means P < −ρ/3, or w < −1/3. The simplest
component that fulfils these criteria is the cosmological constant, Λ,
which represents the vacuum energy of the Universe. Vacuum energy
has the equation of state w = −1, leading to ρ ∝ a0 = const. and
in the simplest model of a Universe only containing vacuum energy
(i.e. asymptotically into the future of a spatially flat ΛCDM Universe),
a ∝ etH, and hence accelerated expansion.

With the cosmological constant included, the Einstein field equations
(2) become

Rµν −
1
2

Rgµν + Λgµν = 8πGTµν, (9)

and the Friedmann equations in a spatially flat Universe (3), (4) be-
come

H2 =
8πGρ

3
+

Λ
3

, (10)

Ḣ = −4πG(ρ + P) +
Λ
3

. (11)

The cosmological constant Λ is thus the second part of the standard
ΛCDM model.

It is convenient to define density parameters for the different com-
ponents of the Universe. We define

Ωr =
8πGρr

3H2
0

, (12)

Ωm =
8πGρm

3H2
0

, (13)

ΩDE =
8πGρDE

3H2
0

, (14)
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where the subscripts r and DE refer to radiation and dark energy re-
spectively. In ΛCDM, we refer to the sum of the baryonic and cold
dark matter components as “matter”, using the subscript m. Remem-
bering that we are assuming there is zero spatial curvature, these
density parameters sum to one,

Ωr + Ωm + ΩDE = 1, (15)

which, from (10) (and remembering that we have made the assump-
tion that the dark energy fluid equation of state wDE is constant), we
can write

H(z)
H0

=
[
Ωr(1 + z)4 + Ωm(1 + z)3 + ΩDE(1 + z)3(1+wDE)

]1/2
. (16)

1.4 distances in cosmology

In this thesis, we are interested in understanding the behaviour of the
late time Universe, and in particular, the rate of acceleration through
the value of the Hubble expansion scalar today, H0. To do this, we
must understand how photons propagate in general relativity and
how distances can be measured in an expanding Universe.

In a curved spacetime described by general relativity, freely falling
particles travel on geodesics. Since photons are massless, they travel
on null geodesics, i.e. ds2 = 0. Due to the assumption of isotropy, we
can assume that the photons only propagate in the radial direction,
implying

ds2 = −dt2 + a2(t)dr2 = 0, (17)

dr2 =
dt2

a2(t)
, (18)

which can be integrated to find the distance which light can travel
between some initial and final times ti and t f , known as the comoving
distance,

dc(ti, t f ) =
∫ ti

t f

dt2

a2(t)
. (19)

The wavelength of light is stretched as the Universe expands, causing
distant objects to appear reddened. This effect is quantified through
the redshift,

z =
λo

λe
− 1, (20)
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where λo is the observed wavelength and λe is the emitted
wavelength.

Under the assumptions of spatial flatness and the FLRW metric, the
redshift is related to the cosmic scale factor via

1 + z =
a0

a
. (21)

Setting the value of the scale factor today to one, i.e. a0 = 1, this
means that

a =
1

1 + z
. (22)

We can hence write the comoving distance in terms of redshift and
the Hubble parameter H(z),

dc(z) =
∫ z

0

dz′

H(z′)
. (23)

The next important distance measure in cosmology is the luminosity
distance, defined as

d2
L =

L
4πF

, (24)

where L is the absolute luminosity of a source and F is the observed
flux. The luminosity distance can be written in terms of the comoving
distance,

dL(z) = (1 + z)dc(z). (25)

Finally, we define the angular diameter distance,

dA =
∆x
∆θ

, (26)

where ∆θ is the angle that subtends an object of known size ∆x per-
pendicular to the line of sight. The angular diameter distance can also
be written in terms of the comoving distance,

dA(z) =
dc(z)
1 + z

. (27)

The relationship between (25) and (27),

dL(z) = (1 + z)2dA(z), (28)

is known as the distance duality relation, or the Etherington recipro-
city theorem, and holds under the conditions that photons propag-
ate on null geodesics in a pseudo-Riemannian spacetime, and that
photon number is conserved [31, 32]. It is also important to note that
(25), (27) and (28) only hold in the stated forms under the assumption
of spatial flatness.



12 cosmology

1.5 observational evidence for dark energy

Nearly all of observational cosmology is based on detecting photons
after they have travelled across the Universe, and inferring the proper-
ties and contents of the Universe from these photons. We can observe
photons from the cosmic microwave background, from galaxies and
from individual stars, typically when those stars reach their end of
their lifetime in a supernova explosion. We will now discuss all of
these observations in detail, focusing on how they allow us to con-
strain cosmic distances and the content of the Universe, and hence
give us information about dark energy. For the majority of this dis-
cussion, we follow [33].

1.5.1 The age of the Universe

As we previously mentioned, the late time accelerated expansion of
the Universe was confirmed in 1998 with observations of Type Ia
supernovæ. However, even before that date, it was clear that a matter
dominated model was not the correct description of the Universe, as
the age of the oldest stars seemed to be well above the calculated age
of the Universe.

The age of the Universe can be given in terms of (16) using dt =

−dz/[(1 + z)H],

t0 =
∫ ∞

0

dz
H(z)(1 + z)

. (29)

For a Universe with zero spatial curvature, and neglecting the con-
tribution from radiation as it is only important at very early times,
and dark energy, as we want to understand the age of the Universe
without it, we find

t0 =
2
3

H−1
0 . (30)

This means that, taking for example H0 = 70 kms−1 Mpc−1, t0 ≈ 9
gigayears. This is in conflict with the age of globular clusters, typically
estimated to be greater than 11 gigayears (see e.g. [34]). The only way
this age discrepancy can be resolved is by having a period of late time
accelerated expansion.
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1.5.2 Type Ia supernovæ

Supernovæ are among the brightest objects in the observable Uni-
verse, often outshining their own host galaxies at the peak of their
explosions. The specific astrophysical properties of certain types of
supernovæ mean we are able to probe cosmic distances with them, al-
lowing a Hubble diagram to be constructed and H0 to be constrained.
Detailed explanations of all types of supernovæ and their astrophys-
ical properties can be found in [35]. We focus here on a description of
the supernova class most commonly used for cosmology, Type Ia.

A Type I supernova is classified as such by the absence of hydrogen
in its spectrum and it is classified as a Type Ia by the presence of
a silicon absorption line [36, 37]. The progenitor systems of Type Ia
supernovæ are generally believed to fall into two categories: single
degenerate, which are binary systems composed of a white dwarf and
a companion red giant, and double degenerate, a binary system of
two white dwarfs [38, 39]. Let us first consider the single degenerate
case.

A red giant is a star that has exhausted the supply of hydrogen in
its core, and thus hydrogen fusion begins in a shell surrounding the
degenerate core. The core contracts and the outer layers of the atmo-
sphere expand in compensation, thus maintaining the gravitational
and thermal equilibrium of the star. As the outer layers expand, they
begin to overflow the Roche lobe, and material from the atmosphere
of the red giant begins to accrete onto the white dwarf. Eventually the
additional mass added to the white dwarf means that the electron de-
generacy pressure that supports it against gravity is overcome, and
the supernova explosion occurs.

Since the limit at which the electron degeneracy pressure fails is
known to be the Chandrasekhar limit, the peak luminosity of these
supernovæ should be the same, no matter where they are in the Uni-
verse. Simplistically speaking, this allows their absolute magnitude to
be standardised, and the luminosity distances to them to be measured
with good accuracy. For this reason, Type Ia supernovæ are referred
to as “standardisable candles”.

Moving beyond the simple picture of standardisability, the absolute
magnitude of a Type Ia supernova can actually only be obtained via
the correlation of apparent magnitude with the width of the light
curve and the colour of the supernova at maximum brightness [40,
41]. Other systematics that could affect the standardisability include
the properties of the host galaxy of the supernovæ [42, 43, 44] and
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the possible redshift dependency of the supernova luminosity on its
surroundings, which can be modelled as depending on the star form-
ation rate [45, 46] or the metallicity of the environment [47].

Furthermore, in the double degenerate case, the merging of two
white dwarfs would cause their combined masses to exceed the
Chandrasekhar limit (see e.g. [48]). If the majority of Type Ia super-
novæ are the result of double degenerate progenitor systems, then
their standardisability is also less certain, as the lack of an upper
mass limit means there is no limit on their peak luminosity. A further
complication common to both cases is the randomness of supernovæ
in sky location and time, meaning it is extremely difficult to locate
and observe a supernova before it occurs. This makes determining
the role of environment on the supernovæ even more challenging.

However, in the rest of this thesis we will assume that the standard-
isability questions are insignificant and therefore the absolute mag-
nitude can be reliably found in the most basic way described. The
luminosity distance is then accessed using the distance modulus,

m(z)−M = 5 log10 dL(z)− 5, (31)

where m(z) is the apparent magnitude of the supernova, M is the ab-
solute magnitude and dL(z) is the luminosity distance in parsecs. The
redshift of the supernova can be found by observing the wavelength
of its light and the shift of various absorption lines in its spectra, and
with a sufficient number of supernova observations the dependence
of the observed luminosity on redshift can be found. For large super-
nova catalogues such as Pantheon, this is compared to the theoretical
distance in spatially flat ΛCDM (25) and the values of cosmological
parameters such as Ωm and ΩΛ are inferred [49].

In this way, the late time accelerating expansion of the Universe was
discovered by [13] and [14]. In Figure 1, we reproduce the Hubble
diagram from [14], in which it was found that the cosmological con-
stant model was favoured at the 99% confidence level and the matter
density parameter today is Ωm = 0.28+0.09

−0.08. Thus we have our second
significant piece of evidence in favour of a dominant dark energy
component in the Universe.

1.5.3 The cosmic microwave background

The cosmic microwave background, or CMB, is the oldest part of the
optical sky, comprising the first photons to decouple from the primor-
dial plasma and freely stream across the Universe. It was discovered
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Figure 1: The Hubble diagram from [14], showing the effective apparent lu-
minosity as a function of redshift. The solid lines show the theor-
etical predictions for various cosmological models with non-zero
spatial curvature but no cosmological constant, and the dashed
lines show the theoretical predictions for various flat models with
a cosmological constant.
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in 1964 by Penzias and Wilson [11], who observed the CMB as an
almost uniform temperature across the whole sky. This observation
was followed three decades later by the COBE satellite [50], which
discovered small temperature anisotropies in the CMB, more precise
measurements of which have been made by BOOMERanG [51], MAX-
IMA [52], WMAP [53] and most recently, Planck [12]. These anisotrop-
ies are mainly sourced by scalar perturbations in the photon–baryon
fluid. We will discuss the computation and evolution of these per-
turbations in more detail in Chapter 2. Here we will explain how the
presence of dark energy in the Universe affects the CMB anisotropies.

The main effect of dark energy on the CMB is the alteration of the
position of the acoustic peaks in the power spectrum due to modific-
ation of the angular diameter distance (the other contribution comes
from the integrated Sachs–Wolfe effect, which describes the evolution
of gravitational potential wells as photons fall into and climb out of
them and is only relevant on very large scales [54]). Following [33],
we can define a temperature perturbation

Θ(x, τ) ≡ δT
T

, (32)

where x is position and τ the conformal time, defined as

τ =
∫ t

0

dt′

a(t′)
, (33)

and T is the average CMB temperature, T = 2.725K. Since we ob-
serve the CMB across the whole sphere of the sky, we expand the
temperature perturbation in terms of spherical harmonics,

Θ(x, τ) =
∞

∑
`=1

`

∑
m=−`

a`mY`m, (34)

from which we can express the multipole cross-correlation function
in the Fourier space k as

C` =
2
π

∫ ∞

0
dk k2|Θ`(k)|2. (35)

According to the Wiener–Khinchin theorem, the Fourier transform of
the correlation function is the power spectrum [55, 56], so C` is the
CMB power spectrum.

There are actually six power spectra potentially accessible to CMB
observations: the power spectra arising from the temperature–
temperature (TT), E-mode–E-mode polarisation (EE) and B-mode–
B-mode polarisation (BB) autocorrelations and the power spectra
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arising from the temperature–E mode (TE), temperature–B-mode (TB)
and E-mode–B-mode (EB) cross-correlations. However, since the T
and E-modes are parity even and the B-mode is parity-odd, the TB
and EB cross-correlations should vanish if the CMB fluctuations are
parity invariant [57, 58]. Furthermore, since the BB spectra are very
subdominant to TT in terms of the power, we use the constraints
coming from the TT, EE and TE spectra only in the work reported in
Chapters 3, 4 and 5.

However, the B-mode itself is extremely interesting in its own right.
Scalar perturbations can only create E-mode polarisations, meaning
that any primordial B-modes must have been created by tensor per-
turbations, which could have only been present in the early Uni-
verse if they were sourced during inflation. Detection of primordial
B-modes would therefore represent a huge leap forward in our un-
derstanding of the very early Universe, but efforts in this direction
have so far been hampered by the secondary B-mode signals gener-
ated by weak lensing of the CMB photons as they propagate through
the Universe, as well as other foregrounds such as galactic dust [59,
60].

In general, the scalar perturbations can be thought of as analogous
to sound waves propagating in the primordial plasma, which cause
areas of rarefaction and compression. These in turn correspond to
peaks and troughs in the CMB power spectrum. The position of the
peaks depends on the contents and evolution of the Universe, and we
are particularly interested on the effect of dark energy on the CMB
peaks.

As shown in [33], the comoving wavelength corresponding to the
acoustic peaks can be approximated as λc = 2π/k = 2rs/n, where
rs is the sound horizon and n are integers. The characteristic angle
for the peak locations can then be defined as

θMC ≡
rs(zrec)

dcom
A (zrec)

, (36)

where zrec is the redshift of the recombination epoch when photons
decoupled from the electrons (more specifically, at recombination, the
majority of the electrons combined with the atomic nuclei produced
during Big Bang nucleosynthesis, but the photons continued to be
scattered off the remaining free electrons; this time is not to be con-
fused with drag epoch when photons decoupled completely from the
remaining electrons and began to freely stream across the Universe,
which occurred approximately z = 80 later) and dcom

A is the comov-
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ing angular diameter distance, defined in terms of the proper angular
diameter distance (27) as

dcom
A (z) = (1 + z)dA(z). (37)

The specific multipole ` which corresponds to the angle θMC is given
by

`A =
π

θMC
. (38)

The comoving angular diameter distance can be expressed as

dcom
A (zrec) =

c
H0

1√
Ωm,0

R, (39)

whereR is the CMB shift parameter, which in a spatially flat Universe
is given by

R = H0
√

Ωm,0

∫ zrec

0

dz
H(z)

, (40)

and it can be shown that the multipole `A is directly proportional to
R. It is also clear from (40) that the CMB shift parameter is altered
according to the expansion history of the Universe from the epoch of
recombination to the present. With dark energy present in the Uni-
verse, the value of R is different compared to in a matter dominated
Universe, thereby changing the position of the acoustic peaks `A.

This effect can be seen by comparing the predicted CMB temperature–
temperature power spectrum for ΛCDM with the Planck 2018 obser-
vations, as shown in Figure 2 (reproduced from [61]). The prediction
for the peak positions and amplitudes in a Universe with dark energy
represented by a cosmological constant almost perfectly matches the
observational data.

Let us briefly depart from our dark energy theme for a moment to
remark on the superb constraints the Planck satellite observations
have placed on other cosmological parameters, and in particular, the
predictions made by single field slow roll inflationary models. We
reproduce a summary table from [12] in Table 1 which elucidates
these constraints. Note that the statement in the table that the scalar
perturbations are Gaussian could be modified to “very close to Gaus-
sian”. The non-linearity of general relativity and the fact that the ac-
celerated expansion during inflation is not perfectly exponential even
in single field slow roll inflationary models implies a small degree of
non-Gaussianity.
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Figure 2: The CMB temperature–temperature power spectrum from [61].
The theoretical prediction is given by the blue line and the binned
observational data is shown by the red points.

Prediction Measurement

A spatially flat Universe ΩK = 0.0007± 0.0019

with a nearly scale-invariant spectrum, ns = 0.967± 0.004

which is almost a power law, dn
d ln k = −0.0042± 0.0067

dominated by scalar perturbations, r0.002 < 0.065

which are Gaussian fNL = −0.9± 5.1

and adiabatic, α−1 = 0.00013± 0.00037

with negligible topological defects f < 0.01.

Table 1: Planck 2018 results for the predictions of the simplest inflationary
models, reproduced from [12] .
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1.5.4 Baryon acoustic oscillations

Before recombination, the photons and baryons were tightly coupled.
This means that the same sound waves that resulted in the CMB tem-
perature anisotropies also left an imprint in the baryon perturbations.
The peak of the baryon acoustic oscillations, or BAO, was first detec-
ted at 100h−1 Mpc [62], where h is the Hubble parameter in units of
100 kms−1 Mpc−1. From the location of this peak, we have yet more
evidence of a dominant dark energy component in the Universe, as
we will now explain.

The epoch when the photons were released from the Compton scat-
tering, or drag, of the baryons is known as the drag epoch. The sound
horizon at z = zdrag is

rs(zdrag) =
∫ τdrag

0
dτ cs(τ), (41)

where cs(τ) is the sound speed of the photon–baryon plasma,

c2
s =

δPγ

δργ + δρb
, (42)

where a subscript γ refers to photon quantities, a subscript b refers to
baryon quantities and τ is conformal time.

The angular and redshift distributions of galaxies in redshift space
are observed as a power spectrum P(k⊥, k‖), where k⊥ and k‖ are
wavenumbers perpendicular and parallel to the line of sight respect-
ively. As shown in [33], from the power spectrum it is possible to
obtain the quantities

θBAO =
rs(zdrag)

(1 + z)dcom
A (z)

, (43)

δzBAO =
rs(zdrag)H(z)

c
, (44)

where dcom
A (z) = (1 + z)dA(z) as previously described in (37). The

angle θBAO corresponds to observations perpendicular to the line of
sight and δzBAO corresponds to observations made along the line of
sight.

The current BAO data is insufficient to measure these two distances
separately, but a combined distance scale can be obtained from the
spherically averaged power spectrum,

[θ2
BAOδzBAO]

1/3 ≡
rs(zdrag)

[(1 + z)2d2
A(z)c/H(z)]1/3

, (45)
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or as a related effective distance,

dV(z) ≡
[
(1 + z)2d2

A(z)
cz

H(z)

]1/3

. (46)

We can thus compare predictions for the distance scale dV(z) to ob-
servational data, finding once again that a dark energy dominated
Universe is favoured over a matter dominated one (see e.g. [63, 64]).

1.6 other observational probes

There are many other observational probes in cosmology that can be
used to probe not only the dark energy content but also the dark mat-
ter density and its overall growth into the large scale structure we
observe in the late time Universe. We will now give a brief overview
of the most important of these, some of which were used in the re-
search work detailed in Chapters 3, 4, 5 and 6, namely redshift space
distortions, gravitational lensing and gravitational waves.

1.6.1 Redshift space distortions

The distances to galaxies are generally measured using their redshifts.
In a perfectly homogeneous Universe, the redshift to a galaxy would
be an accurate measure of the radial distance from the observer, and
the mapping from real space to redshift space would be an identity
[65].

However, the Universe is not perfectly homogeneous. Inhomogen-
eous structure growth induces peculiar velocities in the galaxies,
which in turn distort the mapping from real space to redshift space,
leading to an apparent increase in large scale clustering in the radial
direction compared to the transverse direction. These are called red-
shift space distortions (RSD) (see [66] for a review).

The linear growth rate of structure is given by

f (z) ≡ d ln D
d ln a

, (47)

where D is the amplitude of the linear growing mode [67]. The an-
isotropic clustering seen in the redshift space distortions is correlated
with the structure growth rate f , meaning that redshift space distor-
tions can be used as a probe of the quantity f σ8, the growth rate
multiplied by the amplitude of the velocity power spectrum on the
scale of 8 h−1 Mpc [68].
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More formally, the quantity σ8 is defined as

σ2
8 =

∫ ∞

0
W2(kR)P(k)

1
k

dk, (48)

where W is a top hat filter function in the Fourier space k,

W(kR) = 3
[

sin(kR)
(kR)3 −

cos(kR)
(kR)2

]
, (49)

P(k) is the matter power spectrum and R is the radius defined by
8 h−1Mpc [18]. A related parameter, S8, is often quoted instead of σ8,
which is defined as S8 = σ8

√
Ωm/0.3.

Note that in the interacting dark energy models studied later in this
thesis, the growth rate picks up an additional term due to the coup-
ling between dark energy and dark matter, meaning that redshift
space distortions are no longer a direct probe of structure growth
in these models. We will discuss this point further in Chapter 3.

1.6.2 Gravitational lensing

In general relativity, massive objects curve spacetime and act as gravit-
ational lenses, meaning that the geodesics that photons travel on also
follow curved paths, making them longer than in flat spacetime [69,
70]. This bending of the light’s path gives rise to several observable
phenomena:

• Multiple images of the source object can appear to the observer
due to the light from the source travelling along different paths
around the lens mass;

• The different lengths of the various paths taken by the light
from the source around the lens mass means the images of the
source appear to the observer at different times, with a measur-
able quantity called the “time delay” between them;

• Photons are not created or destroyed during lensing so the sur-
face brightness of the source object remains unchanged. How-
ever, the apparent size of the source is not conserved, due to the
light from each side of the source object taking different paths
around the lens. This means that the source can appear brighter
or dimmer, in a process respectively called magnification or de-
magnification.

Observations of strong lensing time delays lead directly to constraints
on cosmology, as the quantity ∆tH0, where ∆t is the time delay, de-
pends only on the mass profile of the lens and the relative redshifts to
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the source and lens [71]. Single galaxy lenses tend to be relied on for
cosmological applications, as they are abundant in the sky and have
relatively simple mass profiles. For ease of detection, a luminosity
comparable to a galaxy is preferred for the source object, which has
led to lensed quasars being the main strong lensing probe of cosmo-
logy, with great success [72, 73, 74, 75, 76], although strongly lensed
Type Ia supernovæ are a promising future probe (see e.g. [4]). We will
discuss the strongly lensed quasar constraints on H0 in more detail
in section 1.7.

A weaker form of gravitational lensing occurs when very distant back-
ground galaxies are lensed by foreground galaxy clusters. While gen-
erally not visible to the eye, the shear introduced by the cluster poten-
tial acts to align the background galaxies, which becomes apparent
after averaging over many images [77]. This weak lensing signal can
be combined with cluster abundances to constrain structure growth,
as done by the Dark Energy Survey, which recently reported a meas-
ure of S8 = 0.65± 0.04 [78]. Weak lensing can therefore be used when
constraining interacting dark energy models that predict a different
structure growth to ΛCDM, as we will see in Chapter 4.

1.6.3 Gravitational waves

We have already mentioned anisotropies in the CMB which are
sourced by scalar perturbations, which we will discuss in more detail
in Chapter 2. Besides these scalar modes, and vector modes which in
standard inflationary models decay rapidly and hence play no part in
cosmology on linear scales, the propagation of tensor modes (either
sourced during inflation, or at later times by the merging of compact
objects) can be observed as gravitational waves.

In general relativity and in a vacuum, gravitational waves propagate
according to the wave equation

h′′A(τ, k) + 2Hh′A(τ, k) + k2hA(τ, k) = 0, (50)

where primes denote derivatives with respect to conformal time,
hA(τ, k) are the Fourier modes of the gravitational wave amplitude,
H the conformal Hubble parameter H = aH and the index A = +,×
represent the two polarisations of the gravitational waves [79].

Gravitational waves sourced by the merging of two black holes were
first detected in 2015 by the LIGO–Virgo collaboration [80]. This de-
tection confirmed the prediction by general relativity of the existence
of gravitational waves. The subsequent observation two years later
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of a binary neutron star merger with an electromagnetic counterpart
was even more important for cosmology. It allowed extremely tight
constraints to be placed on the tensor speed, thus ruling out theories
of modified gravity which predicted a tensor speed different to that
of light [81, 82, 83].

Furthermore, gravitational waves observed with an electromagnetic
counterpart can be used as “standard sirens” to construct a Hubble
diagram and obtain distance ladder independent measurements of
the value of the Hubble parameter today, H0 [84]. This is because the
gravitational wave amplitude is inversely proportional1 to the lumin-
osity distance to the gravitational wave source [79],

hA ∝
1

dL(z)
, (51)

and the redshift can be found using the electromagnetic counterpart,
meaning the measurement of H0 can be made via combining (23) and
(25) to express the luminosity distance as

dL(z) = (1 + z)
∫ z

0

c
H(z′)dz′

, (52)

where H(z) can be found from (16) in the spatially flat ΛCDM model.

To date, there has only been a single confirmed observation of a com-
pact object merger with an electromagnetic counterpart, making the
constraint on H0 uncompetitive with other probes: H0 = 70.0+12.0

−8.0
kms−1 Mpc−1 [84]. Future observations could yield tens or hundreds
more measurements of H0 from standard sirens, meaning that they
will eventually become an excellent probe of the cosmic expansion
history and hence ΛCDM or alternatives to it. We discuss a related
application of standard sirens in Chapter 6.

1.7 problems with Λcdm

The ΛCDM model has survived many challenges in its twenty year
lifespan, in part due to its simplicity. From a statistical standpoint, it
is generally difficult for more complex models to be preferred by the
data, as the information gained from any additional parameters intro-
duced in an alternative model is usually insufficient to justify their in-
clusion. The six parameter ΛCDM model, described by the cold dark

1 In practice, terms from the antenna pattern functions of the gravitational wave de-
tector and the chirp mass of the merging compact objects will also appear in this
expression. We give more details on this in Chapter 6 and Appendix A. The specific
expression is given in (225).
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matter and baryon energy densities, Ωch2 and Ωbh2, the amplitude
and spectral tilt of the primordial power spectrum, As and ns, the
optical depth at reionisation, τop, and the angular size of the sound
horizon at recombination, θMC, remains the cosmological model to
beat, and one against which all alternatives must be measured and
compared.

The outlook may therefore seem bleak for alternative dark energy
models such as those that are the focus of this thesis. However, the
idea of using the cosmological constant as dark energy has long faced
issues from a quantum field theory standpoint as well as a cosmolo-
gical one, and observational tensions present within the framework
of ΛCDM also motivate the continued study of possible alternatives.
These problems are the cosmological constant problem, the coincid-
ence problem, the H0 tension and the σ8 tension, and we will now
discuss each of these in turn.

1.7.1 The cosmological constant problem

Well before the late time acceleration was discovered and attributed to
the cosmological constant, the problem of the “vacuum catastrophe”
was known [85, 86]. In simple terms, quantum field theory predicts
the vacuum energy to have a very large value, obtained by summing
the zero-point energies of every degree of freedom of all quantum
fields present in the Universe, up to some cut-off scale, which should
have correspondingly large gravitational effects.

However, these large gravitational effects have not been observed. The
upper limit from observations on the size of the vacuum energy is
completely in conflict with the prediction from quantum field theory,
at the level of 120 orders of magnitude. The problem can be eased
somewhat – perhaps down to forty or sixty orders of magnitude – if
a different cut-off scale for the zero-point energy summation is chosen
[87], but this is still extremely unsatisfactory.

It is not clear if the solution to the cosmological constant problem will
come from quantum field theory or cosmology. A cosmological solu-
tion would entail introducing a “bare” cosmological constant which
effectively cancels the contributions from all fields except the ob-
served cosmological constant, or perhaps eliminating the observed
cosmological constant entirely, attributing the late time acceleration
to a new component such as a scalar field [88]. We will discuss this
point in more detail in section 1.8.
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1.7.2 The coincidence problem

The coincidence problem highlights the apparent issue with the mat-
ter and dark energy densities being roughly the same at present, des-
pite evolving at different rates, as we discussed in section 1.2. This
problem is generally considered to be less troublesome than the cos-
mological constant problem [89, 90, 91] and whether one believes it is
a true problem with our cosmological model or is simply just a coin-
cidence is largely dependent on how distasteful one finds anthropic
arguments.

In brief, the anthropic principle posits that, since we are here to ob-
serve the Universe in its current state, the values of physical quantit-
ies (such as the dark matter and dark energy densities) in that state
are what they are due to the requirement that carbon-based life must
be able to evolve under those conditions [92]. This idea was summar-
ised in a neat paraphrase of Descartes by Carter: cogito ergo mundus
talis est2 [93].

However, the anthropic principle is not a natural bedfellow of the
Copernican principle, the bedrock of observational cosmology which
states that we do not occupy a privileged position in the Universe. So,
if we do not dismiss the coincidence problem as a mere coincidence,
it can be used to motivate alternative dark energy models. In partic-
ular, dynamical dark energy models, in which the energy density of
dark energy is not constant but changes over time, are useful due to
their ability to provide a natural explanation to the apparently coin-
cidentally similar values of the matter and dark energy densities. We
will discuss this type of model further in section 1.8.

1.7.3 Tensions

The H0 tension has become the most notorious problem in cosmology
in recent years and is the single biggest motivator for the investiga-
tion of alternative models of dark energy. The value of H0 can be
obtained from measurements of the luminosity distances to Type Ia
supernovæ, a method which generally requires the construction of
the distance ladder if independence from a cosmological model is
desired. The first rung on the ladder is found by measuring paral-
lax distances to Cepheid variable stars in the Milky Way. These stars
have a well-known relationship between their variability period and

2 “I think, therefore the world is such as it is.”
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their luminosity, meaning that they can be used to constrain the dis-
tances to Cepheid variable stars in other galaxies. By measuring the
distance to a Cepheid in a galaxy that also hosts a Type Ia supernova,
the absolute magnitude of the supernova can be calibrated. This cal-
ibration thus allows for standardisation of the magnitudes of more
distant supernovæ in the Hubble flow. This method results in a value
of H0 = 74.03± 1.42 kms−1 Mpc−1, as reported by the Supernova H0

Equation of State (SH0ES) collaboration [94].

This result is completely at odds with the value of H0 derived from
the Planck 2018 measurements of the CMB temperature anisotropies
in the context of spatially flat ΛCDM, which found H0 = 67.4± 0.5
kms−1 Mpc−1 [61]. Critically, a cosmological model must be assumed
to derive this value, so the immediate question that springs to mind
is whether this 4.4σ tension in measurements of H0 is because some-
thing is wrong with the spatially flat ΛCDM model.

The Cepheid-anchored supernovæ and the CMB are not the only
ways of measuring H0. In Figure 3 we plot a large number of the most
up-to-date H0 constraints from a variety of different probes, divided
into so-called “early” and “late” types, the former all being derived
from measurements of the distance to the sound horizon (thus also
sometimes referred to as “geometric” or “indirect”), and most of the
latter being derived from measurements of the luminosity distances
to Type Ia supernovæ in the Hubble flow, calibrated via various meth-
ods.

Besides the Planck 2018 result which we have already mentioned, the
other early probes included on this plot are:

• The 6dF galaxy survey [96], the Sloan Digital Sky Survey (SDSS)
Data Release 7 [97] and the Baryon Oscillation Spectroscopic
Survey (BOSS) Data Release 12 [63] galaxy BAO plus the Dark
Energy Survey (DES) Year 1 clustering and weak lensing result
as reported in [98] plotted in light blue and denoted as DES +
BAO (H0 = 67.4+1.1

−1.2 kms−1 Mpc−1);

• The same galaxy BAO measurements plus the void–galaxy
cross-correlation as reported in [99] plotted in olive green and
denoted as BAO + voids (H0 = 72.3± 1.9 kms−1 Mpc−1);

• The same galaxy BAO and void measurements plus the Lyα

BAO measured by the extended Baryon Oscillation Spectro-
scopic Survey (eBOSS) in Data Release 14 [64, 100, 101] from
[102] plotted in grey and denoted as BAO + voids + Lyman-α
(H0 = 69.0± 1.2 kms−1 Mpc−1).
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Figure 3: Various probes of H0 (specific details provided in text). Plot design
inspired by Figure 1 of [95].
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As can be seen in Figure 3, the majority of the early probes are in
agreement with the Planck value of H0 and thus are in tension with
the SH0ES measurement. The exception to this is the BAO plus voids
combination. As explained in [102], the galaxy BAO alone provides a
constraint of H0 = 73.7+3.0

−3.9 kms−1 Mpc−1: high compared to Planck,
but with large uncertainties. The addition of the void–galaxy cross-
correlation measurement reduces this uncertainty, yielding the BAO
plus voids result shown in the figure, which is consistent with the
SH0ES measurement and in 2.5σ tension with Planck. However, the
addition of either the Lyman-α BAO or the DES clustering and weak
lensing measurement brings the overall BAO constraint back in line
with Planck. This is because of the degeneracy between H0 and the
matter density parameter Ωm; both the Lyman-α BAO and the DES
clustering favour a lower value of Ωm, thus resulting in a lower over-
all value of H0. A more detailed discussion of the various BAO con-
straints on H0 can be found in [103].

Apart from the SH0ES result that we have already explained, some
other probes which rely on the construction of a distance ladder to
obtain a value of H0 are:

• Type Ia supernovæ calibrated using Mira variable stars. Mira
variables are asymptotic giant branch stars, and an oxygen-rich
subclass of these stars has a well-defined period–luminosity re-
lation which allows them to replace the Cepheids in the dis-
tance ladder [104, 105], plotted in purple (H0 = 73.6± 3.9 kms−1

Mpc−1);

• Type Ia supernovæ calibrated using tip of the red giant branch
(TRGB) stars. Due to a runaway helium fusion reaction that oc-
curs at a well-known point in the lifetime of red giant stars,
there is a stark discontinuity in the red giant branch of the
Hertzsprung–Russell diagram at a fixed luminosity [106]. Stars
at this point can therefore be used as calibrators for the su-
pernovæ in place of the Cepheids, as shown by the Carnegie–
Chicago Hubble Program (CCHP) [107], plotted in brown (H0 =

69.0± 1.2 kms−1 Mpc−1);

• Infrared observations of surface brightness fluctuations (SBF)
of early type galaxies [108]. Since galaxies are composed of a
finite number of stars, the surface brightness naturally fluctu-
ates from point to point. An average of the surface brightness
can be found and observed as an apparent magnitude. The ab-
solute magnitude of the equivalent galaxy can be determined
via Cepheid calibration or stellar population models, and hence
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a luminosity distance and H0 can be found [109, 110]. This con-
straint is plotted in orange (H0 = 76.5± 4.0 kms−1 Mpc−1).

It is clearly apparent that the method used to calibrate the supernovæ
in the Hubble flow has a large effect on the resulting value of H0 –
so much so that it is tempting to write off the tension as a systematic
error, or perhaps being due to Cepheids not having such a consistent
period–luminosity relation as previously thought. This idea is espe-
cially tempting due to the finding that the SBF result varied (albeit
within the error bars) depending on if the galaxy luminosities were
calibrated using Cepheids, TRGB stars or stellar population models
[95]; see also [111]. Another attempt to resolve the tension along these
lines involved anchoring the distance ladder to the BAO rather than
the Cepheids, thus creating an inverse distance ladder. This method
yielded H0 = 67.8± 1.3 kms−1 Mpc−1 [112].

However, this idea of recalibrating the distance ladder provides an
unsatisfactory resolution to the tension, as there exist a number of
late Universe probes that are independent of the distance ladder and
yet still find a value of H0 that is in agreement with SH0ES and in
tension with Planck. These are:

• Measurements of geometric distances using very long baseline
interferometry observations of water masers in the accretion
disks of supermassive black holes by the Megamaser Cosmo-
logy Project (MCP) [113], plotted in green (H0 = 73.9 ± 3.0
kms−1 Mpc−1);

• Measurements of time delay distances from observations of sys-
tems of strongly lensed quasars by the H0LiCOW collaboration
[76], plotted in red (H0 = 73.3+1.7

−1.8 kms−1 Mpc−1);

• The observation of a gravitational wave event with an electro-
magnetic counterpart, i.e. a standard siren, by the LIGO–Virgo
collaboration [84], plotted in dark blue (H0 = 70.0+12.0

−8.0 kms−1

Mpc−1).

The standard siren event cannot really be claimed as evidence for a
higher value of H0 as the error bars are so large it is compatible with
all the other probes described above. However, in the era of third
generation detectors, hundreds or even tens of hundreds of stand-
ard siren events are expected to be detected, thus making this an ex-
tremely promising window onto the tension. We discuss further pre-
cision cosmology applications of standard sirens in Chapter 6, where
we create mock standard siren datasets in order to forecast future
constraints on the distance duality relation.
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The error bars on the water maser constraint are also large enough
to make this result tension-ambiguous, though these results will nat-
urally improve over time too, as more maser host galaxies are iden-
tified and studied. The most convincing late time, distance ladder
independent probe of H0 therefore comes from the strongly lensed
quasars observed by the H0LiCOW collaboration. This value of H0 is
in excellent agreement with SH0ES and in combination, the late time
probes are in a staggering ∼6σ tension with the early time probes
previously discussed [95].

It seems unlikely that this tension will be explained by systematic
errors in one or other of the datasets. We therefore turn to another
explanation: that ΛCDM is not the correct cosmological model and
by employing an alternative model of dark energy we could reconcile
the early and late time measurements of the Hubble parameter3. In
the interacting dark energy models we study in Chapters 3, 4 and 5,
the H0 tension can be resolved due to the exchange of energy between
dark energy and dark matter. If the dark energy component grows at
the expense of the dark matter, this can result in a higher value of H0

at late times. Many other possible ways of resolving the tension are
discussed in detail in [15]; we will cover a few of these in section 1.8.

There is another tension in cosmology, again between early and late
probes, in measurements of the σ8 parameter, which is a proxy for the
amount of clustering, or structure growth, on the approximate scale
of galaxy clusters [115]. The value inferred from the Planck CMB
measurement is S8 = 0.832 ± 0.013 [61], which is in a roughly 2σ

tension with measurements of σ8 coming from galaxy clusters and
weak lensing. For example, the Kilo Degree Survey (KiDS) weak lens-
ing constraint is S8 = 0.766+0.020

−0.014 [116] and the DES value previously
mentioned is even lower, S8 = 0.65± 0.04 [78]. Interacting dark en-
ergy models are also able to resolve the σ8 tension, though typically
the H0 tension will be made worse if the σ8 tension is resolved, due to
the direction of the degeneracy in the H0–Ωm plane. We will discuss
this point further in Chapter 3.

In summary, the cosmological constant problem, the coincidence
problem and the H0 and σ8 tensions provide convincing reasons to
study alternative models of dark energy. In the next section, we will
describe some of the main alternatives to ΛCDM that have been pro-
posed in the literature.

3 A third distinct possibility is that we are living in a local void, meaning that the
observed acceleration is merely apparent rather than real (see e.g. [114]).
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1.8 alternatives to Λcdm

For the reasons described above, we wish to examine alternative mod-
els to ΛCDM and in particular, alternative models for dark energy. In
this section we will discuss one of the most studied alternatives to the
cosmological constant, quintessence, as well as giving an overview of
modified gravity and dark matter models.

1.8.1 Dark energy models

To begin with, we remain within the framework of general relativity,
but assume that there is some mechanism that sets the cosmological
constant equal to zero [117]. This then gives us the freedom to insert
a new dark energy model that can explain the observed late time
acceleration.

One of the first alternatives to the cosmological constant to be con-
sidered was a dynamical scalar field, essentially the same mechanism
proposed to drive the period of inflation in the very early Universe.
In fact, cosmological scalar fields were already being considered in
the pre-dark energy era in an attempt to solve the cosmological con-
stant problem [118, 119], so it is a natural extension to use them as
a driver for the accelerated expansion. This was first proposed in the
class of dark energy models known as quintessence [120, 121, 122].
Dynamical dark energy models have also been employed to resolve
the coincidence problem [123, 124].

Following [125], a general quintessence model is described by the
action

S =
∫

d4x
√
−g
[
−1

2
(∇φ)2 −V(φ)

]
, (53)

where (∇φ)2 = gµν∂µφ∂νφ and V(φ) is the potential of the field. In
the spatially flat FLRW background we are using throughout this
thesis, variation of the action (53) with respect to φ yields the Klein–
Gordon equation for the scalar field,

φ̈ + 3Hφ̇ +
dV
dφ

= 0, (54)
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where dots represent derivatives with respect to cosmic time. The
energy density and pressure of the field are given by

ρφ =
1
2

φ̇2 + V(φ), (55)

Pφ =
1
2

φ̇2 −V(φ), (56)

so that the equation of state for the scalar field is given by

wφ =
Pφ

ρφ
=

φ̇2 − 2V(φ)

φ̇2 + 2V(φ)
(57)

and the Friedmann equations can be rewritten as

H2 =
1
3

[
1
2

φ̇2 + V(φ)

]
, (58)

ä
a
= −1

3
[
φ̇2 −V(φ)

]
. (59)

For accelerated expansion to occur, we recall that we need the equa-
tion of state of the dark energy component to be such that wDE <

−1/3. From (57), we can see that for quintessence this condition
means that φ̇2 < V(φ); in other words, the form of the scalar field
potential determines whether or not accelerated expansion occurs.

This situation is exactly analogous to the conditions required for infla-
tion to occur in the very early Universe: the scalar field must be slowly
rolling. We can quantify this statement by introducing the slow roll
parameters (see e.g. [126]),

ε ≡ 1
κ2

(
V,φ

V

)2

, (60)

η ≡
V,φφ

κ2φ
, (61)

where κ = 8πG. When ε� 1 and |η| � 1, the evolution of the scalar
field is sufficiently slow for acceleration to occur. A quintessence-like
model with a scalar field that decays away faster than radiation has
been proposed as a possible solution to the H0 tension due to its abil-
ity to reduce the size of the sound horizon at recombination, thereby
ensuring a higher value of H0 is inferred from CMB data [127]. This
type of model is generally referred to as early dark energy.

However, no matter the choice of potential, it is expected that the
scalar field will couple to the matter field, resulting in a fifth force felt
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by the particles in addition to gravity, hence the name quintessence.
The presence of such a fifth force is very strongly constrained by
laboratory and solar system scale tests [128], so it is necessary to
introduce some mechanism by which these models can evade the
constraints and still be used as an explanation for the late time cosmic
acceleration. This is typically achieved via a screening mechanism.

The most well-known examples of screening mechanisms are the
chameleon mechanism [129, 130], which is active in regions of large
Newtonian potential i.e. close to massive objects; the k-mouflage
mechanism [131], which is active in regions of large acceleration in k-
essence models in which the potential of the scalar field is a function
of the scalar field and its kinetic energy; and the Vainshtein mechan-
ism [132], which is active in regions of high density, typically in the
Galileon and massive gravity theories of modified gravity [133]. All
these mechanisms act to screen away the effects of the fifth force in
the regions where its existence is most constrained.

It is clear that the introduction of additional scalar fields to act as
the dark energy can be difficult due to the question of fifth forces and
screening. This motivates us to consider a much simpler alternative to
ΛCDM: the interacting vacuum scenario [134, 135, 136]. In this scen-
ario, the vacuum is still used to drive the accelerated expansion, but it
is allowed to exchange energy with the cold dark matter component.
This scenario is the main focus of this thesis, and we will discuss both
the theoretical aspects of the model and the observational constraints
on it in great detail in Chapters 3, 4 and 5.

1.8.2 Modified gravity models

There exists the possibility that the accelerating expansion in the late
time Universe is not caused by some additional dark energy com-
ponent, but is in fact a result of the gravitational theory. The distinc-
tion between dark energy and modified gravity models is not always
clear (or necessary), as within the framework of general relativity it
depends on whether some exotic component with negative pressure
is included in the energy–momentum tensor on the right hand side
of the Einstein field equations (2) (typically called dark energy) or
whether a modification is made to the Einstein tensor on the left hand
side of the field equations (typically called modified gravity) [133].

We take as an example of modified gravity the most general four
dimensional Lorentz invariant scalar-tensor theory that produces
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second-order equations of motion4, given by the Horndeski action
[139],

S =
∫

d4x
√
−g

[
5

∑
i=2
Li + Lm

]
, (62)

where the Lagrangian densities Li are

L2 = G2(φ, X), (63)

L3 = G3(φ, X)�φ, (64)

L4 = G4(φ, X)R + G4,X(φ, X)[(�φ)2 − (∇µ∇νφ)2], (65)

L5 = G5(φ, X)Gµν∇µ∇νφ

− 1
6

G5,X(φ, X)[(�φ)3 − 3�φ(∇µ∇νφ)2 + 2(∇µ∇νφ)3], (66)

where X = − 1
2 ∂µφ∂µφ, R is the Ricci scalar, Gµν is the Einstein tensor,

and φ is the additional scalar field of the Horndeski theory. Minimally
coupled matter fields are contained in Lm. The action is simplified by
the binary neutron star merger constraint on the tensor speed, which
implies that G4,X = G5 ≈ 0.

Many of the most well-studied modified gravity theories, such as the
cubic Galileon and Brans–Dicke theories, as well as general relativity
itself, arise from the Horndeski action in the relevant limits. What is
common to all of these modified gravity theories, and what distin-
guishes them from general relativity, is that they admit new degrees
of freedom in the gravitational sector. These in turn couple to the
standard matter particles, resulting in a fifth force felt by the particles
in addition to gravity, which as we discussed in the context of quint-
essence must be screened away in order to evade stringent small scale
tests of gravity. We will discuss the effects of screened and unscreened
modified gravity on constraints on the distance duality relation using
standard sirens in Chapter 6.

1.8.3 Dark matter models

Finally, since this thesis is primarily concerned with dark energy, we
have so far given no consideration to what the cold dark matter might
physically be. The most widely accepted dark matter model is that of

4 Higher order equations of motion are not generally desired, as they result in ghost
degrees of freedom, i.e. negative energy densities, due to Ostrogradsky’s theorem
[137, 138].
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a weakly interacting massive particle, or WIMP, the proven existence
of which would necessitate an extension to the standard model of
particle physics. Various alternatives to WIMPs have been proposed
in the literature, as either part or all of the dark matter in the Universe,
the main contenders being primordial black holes (black holes formed
from the collapse of over-densities in the early Universe [140]), and
axions (another hypothetical elementary particle initially proposed to
provide a solution to the strong CP problem [141, 142]).

The allowed mass ranges for primordial black holes are increasingly
constrained (see e.g. [143]), but efforts to directly detect axions re-
cently gained interest due to the observation of excess electronic re-
coil by the XENON1T experiment, which was attributed to the pres-
ence of solar axions with a significance of 3.5σ [144]. However, it was
very quickly noted that astrophysical constraints on solar axions are
incompatible with the XENON1T excess [145], and that the detection
could be due to previously unaccounted-for β decays of tritium in the
detector [146]. The significance of the solar axion fit decreases to 2.1σ

if the tritium component is considered.

In the rest of this thesis, we exploit the fact that no particle model
of dark matter has been confirmed or ruled out, allowing us to con-
sider the phenomenology of a model of dark energy which exchanges
energy with the dark matter without having to worry about the mi-
crophysical properties or effects of such a model.

1.9 summary

In this chapter, we began by introducing the FLRW solution to the
Einstein field equations for general relativity and then moved to a
discussion of the observational evidence for a period of late time ac-
celerated expansion, attributed to dark energy, along with a dominant
form of matter which only interacts gravitationally, cold dark mat-
ter. We the discussed the theoretical and observational problems with
the concordance model of the cosmological constant plus cold dark
matter, ΛCDM, and detailed some of the possible alternatives to this
model. The next important question we must answer is how to test
whether these models explain our observations, and if they do, how
well they fit the observational data with respect to ΛCDM.
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M E T H O D O L O G Y

You can measure a programmer’s
perspective by noting his attitude on the
continuing vitality of FORTRAN.

alan perlis

Oh, boys, can’t you code it,
And program it right?
Nothing ever happens in this life of mine,
I’m hauling up the data on the Xerox line.

stan rogers

In this chapter, we will detail the methodology of the work presen-
ted in subsequent chapters. In all of the research presented in this
thesis, we used the Boltzmann code CAMB and the Bayesian parameter
inference code CosmoMC to analyse and constrain our alternative cos-
mological models. We therefore give an overview of the perturbation
equations computed in the synchronous gauge by CAMB, then intro-
duce Bayesian statistics, Monte Carlo sampling methods and model
comparison techniques.

2.1 boltzmann codes

Up to this point, we have assumed that the Universe and its contents
are completely homogeneous. However, this is not really true. We
observe over-densities in the Universe today in the form of planets,
stars and galaxies, and can therefore infer that there must have been
small perturbations in the early Universe which grew over time into
these larger objects.

However, the study of how the matter species and their perturba-
tions evolve is rather complex. For this reason, a number of numerical
codes have been developed to expedite such analyses, beginning with
COSMICS [147] and followed by CMBFAST [148], CMBEASY [149], and more
recently, CAMB [150, 151] and CLASS [152, 153]. These codes are known
as Boltzmann solvers, as they are designed to solve the Boltzmann
equation and the fluid equations of motion for all the matter species

37
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in the Universe. As the work presented later in Chapters 3, 4, 5 and
6 was all carried out using CAMB, we focus on the specific workings of
that code, although the equations solved are the same as in CLASS.

It is worth briefly commenting here on the choice of code. The two
codes CAMB and CLASS are both designed to do the same thing, though
the implementation differs in a number of ways. The CLASS code was
developed much more recently (the first public version was released
in 2011, while CAMB was made public in 2000), and is designed in
a more modular way in comparison to the original Fortran 90 ver-
sion of CAMB, thus supposedly allowing for easier modification. The
source code is also written in C, rather than Fortran, which some
users may find more accessible, though this point is irrelevant if no
hardcore modifications to the base code are needed, as both now ship
with user-friendly Python wrappers. Ultimately the choice between
the two comes down to personal preference (or prejudice).

2.1.1 Perturbation equations

The purpose of a Boltzmann code is to solve the Einstein and fluid
equations, or Boltzmann equation, depending on the regime in ques-
tion – at late times, the fluid equations suffice, but at early times,
when collisions between the different components become important,
the Boltzmann equation must be used.

The exact form these equations take depends on the choice of gauge,
i.e. the mapping from some fictitious smooth background spacetime
to the real inhomogeneous Universe. In CAMB, the covariant equations
are propagated in a frame in which the cold dark matter velocity is
zero, which we refer to as the synchronous comoving gauge [154]. We
consider small perturbations to the background metric (denoted with
a bar, ḡµν) such that δgµν � ḡµν,

gµν = ḡµν + δgµν, (67)

and in a spatially flat FLRW background, following [155], the line
element of the linearly-perturbed metric in the synchronous gauge is
given by

ds2 = a2(τ)[−dτ2 + (δij + hij)dxidxj], (68)

where τ is the conformal time. It is usual to decompose these into the
scalar, vector and tensor parts, as at linear order the Einstein equa-
tions for the different components do not mix and can therefore be
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treated separately. The decomposition of the metric perturbation hij
can be written as

hij = hδij + h‖ij + h⊥ij + hT
ij. (69)

Continuing to follow [155], the h‖ij and h⊥ij terms can be rewritten in

terms of a scalar µ and a divergence-free vector ~A,

h‖ij =
(

∂i∂j −
1
3

δij∇2
)

µ, (70)

h⊥ij = ∂i Aj + ∂j Ai. (71)

The scalar mode of the metric perturbations is characterised by h and
µ, while Ai and hT

ij are the vector and tensor modes respectively. With
our gauge choice in hand, we can write down the linearised form of
the Einstein equations (2) in the Fourier space k, introducing h(k, τ)

and η(k, τ) as the Fourier transforms of h(xi, τ) and µ(xi, τ), where
xi is the comoving position, related to the proper position~r by d~x =

d~r/a(τ). The Einstein equations thus become

k2η − 1
2

ȧ
a

ḣ = 4πGa2T0
0 , (72)

k2η̇ = 4πGa2(ρ̄ + P̄)θ, (73)

ḧ + 2
ȧ
a

ḣ− 2k2η = −8πGa2δTi
i , (74)

ḧ + 6η̈ + 2
ȧ
a
(
ḣ + 6η̇

)
− 2k2η = −24πGa2(ρ̄ + P̄)σ, (75)

where the fluid velocity divergence θ and the anisotropic stress σ are
defined as

(ρ̄ + P̄)θ ≡ ikjδT0
j , (76)

(ρ̄ + P̄)σ ≡ −(k̂i k̂ j −
1
3

δij)Σi
j, (77)

and Σi
j ≡ Ti

j − δi
jT

k
k /3 is the traceless component of Ti

j , k̂ is the unit

vector in the direction of~k and the energy–momentum tensor decom-
posed to linear order takes the following form:

T0
0 = −(ρ̄ + δρ), (78)

T0
i = −Ti

0 = (ρ̄ + P̄)vi, (79)

Ti
j = (P̄ + δP)δi

j + Σi
j, (80)

where vi is the velocity of the fluid (dxi/dτ) and dots represent deriv-
atives with respect to conformal time.
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As mentioned in Chapter 1, the conservation of energy–momentum
is a consequence of the Einstein equations via the Bianchi identity. As
shown in [155], the perturbed part of the energy–momentum conser-
vation equations in the Fourier space k implies

δ̇ = −(1 + w)

(
θ +

ḣ
2

)
− 3

ȧ
a

(
δP
δρ
− w

)
δ, (81)

θ̇ = − ȧ
a
(1− 3w)θ − ẇ

1 + w
θ +

δP/δρ

1 + w
k2δ− k2σ, (82)

where w is the equation of state of the fluid, w ≡ P/ρ and δ = δρ/ρ is
the density contrast. These equations are valid for a single uncoupled
fluid; for example, in the tight-coupling limit of the photon–baryon
fluid in the early Universe.

The benefit of the choice of synchronous gauge for this work is made
apparent when we consider the solution of (82) for cold dark matter.
Cold dark matter, when uncoupled from other components, is pres-
sureless and has zero anisotropic stress. From (82) this implies that in
this gauge, with the residual gauge freedom of the initial condition
for the velocity removed by setting θ(τ = 0) = 0, the velocity of the
cold dark matter fluid is always zero.

Typically, if a coupling is introduced between the cold dark matter
and the dark energy fluid this would result in a non-zero cold dark
matter fluid velocity. In Chapters 3, 4 and 5, we consider what we
call the geodesic CDM scenario, meaning that the interaction term
between the components is fixed in such a way that there is no ad-
ditional acceleration on to the cold dark matter, thus ensuring the
fluid velocity remains zero. This choice further means that, in the
synchronous gauge, the dark energy component, in this case treated
as vacuum energy, remains unperturbed. This greatly simplifies the
numerical analysis performed. We will discuss this point in greater
detail in Chapter 3.

2.1.2 The Boltzmann equation

We have so far assumed that we are dealing with a single fluid that
does not interact with any others, or that we can take an average
over all fluids. However, there are certain regimes in which micro-
physics becomes important, and we must consider the behaviour of
individual particles rather than fluid elements. To do this, we must
use the Boltzmann equation, which describes the evolution of the
phase-space distribution of the particles over time.
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The phase-space distribution function is the product of the particle
number density and the particle momentum probability distribution
function [77], which is given by [155] as

f (xi, pj, τ) = dx1dx2dx3dp1dp2dp3 = dN, (83)

where xi are positions and pi the conjugate momenta, related to the
proper momentum Pi via pi = a(δij +

1
2 hij)Pj. However, it is common

to eliminate the metric perturbations from this definition by replacing
pj with the comoving 3-momentum qj ≡ aPj. As shown in [155], we
can further write this quantity in terms of its magnitude and direc-
tion, qj = qnj, where nini = δijninj = 1, allowing us to rewrite the
phase-space distribution function as f (xi, q, nj, τ). We can now give
the expression for the energy–momentum tensor written in terms of
the distribution function and the components of the 4-momentum,

Tµν =
∫

dp1dp2dp3
√
−g

pµ pν

p0

[
f0(q)(1 + Ψ(xi, q, nj, τ))

]
, (84)

where we have split the phase-space distribution into a background
and perturbed part. This yields

T0
0 = −a−4

∫
q2 dq dΩ

√
q2 + m2a2 f0(q)(1 + Ψ), (85)

T0
i = a−4

∫
q2 dq dΩ qni f0(q)Ψ, (86)

Ti
j = a−4

∫
q2 dq dΩ

q2ninj√
q2 + m2a2

f0(q)(1 + Ψ), (87)

where dΩ is the solid angle associated with direction ni. Finally, as
shown by [155], the Boltzmann equation in the Fourier space k, which
gives the evolution of the phase-space distribution perturbation Ψ, is
given by

∂Ψ
∂τ

+
iq
E
(~k · n̂)Ψ +

d ln f0

d ln q

[
η̇ − ḣ + 6η̇

2
(k̂ · n̂)2

]
=

1
f0

(
∂ f
∂τ

)
C

, (88)

where E =
√

q2 + a2m2 is the comoving energy and f0 is the Fermi–
Dirac distribution for fermions (plus sign) and the Bose–Einstein dis-
tribution for bosons (minus sign), given by

f0 =
gs

h3
Pl

1
eE/kBT0 ± 1

, (89)

where gs is the number of spin degrees of freedom, T0 is the temperat-
ure today, hPl is the Planck constant and kB is the Boltzmann constant.
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The
(

∂ f
∂τ

)
C

term in (88) is the collision term that takes into account
the scattering physics between the different components under con-
sideration.

The overall purpose of CAMB is to use the equations defined above
to compute the CMB power spectra, lensing and matter power spec-
tra, transfer functions and background cosmological functions like
H(z). A detailed presentation of the exact form of the equations
used by CAMB can be found in Chapter 6 of [156], while the most
up-to-date documentation for the code itself can be found at https:
//camb.info/.

Depending on the cosmological model that is being analysed, modific-
ations may need to be made to the equations in CAMB. This is the case
for the interacting vacuum dark energy model we study in Chapters
3, 4 and 5, where we introduce a coupling between the vacuum and
cold dark matter. We present the details of the CAMB implementation
of this model in Chapter 3.

2.2 parameter inference

It is usual that an alternative dark energy model will have additional
parameters with respect to ΛCDM, typically to control the behaviour
of the new dark energy component, or the coupling between the dark
energy and dark matter components in the case of interacting models.
Once the alternative model is implemented in CAMB, the initial values1

of these additional parameters must be chosen in order to run the
code.

The question then becomes how best to choose the initial value when
very little about the physical behaviour of the model is known. To
answer this question, we can use a statistical method known as para-
meter inference, which allows observational data to inform us what
the most likely value of that parameter is. To further explain this, we
will introduce Bayesian statistics and then the most common Monte
Carlo sampling methods and codes used for parameter inference. An-
other benefit of these methods is they typically allow for a quantitat-
ive model comparison to be done, meaning that we can determine
whether our alternative model is preferred over ΛCDM by the data.
We will discuss model comparison methods in the final section of this

1 Note that we use the term “initial” but the value given to CAMB is in fact that para-
meter’s value today, as CAMB evolves the equations backwards in time.

https://camb.info/
https://camb.info/
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chapter. An in-depth treatment of everything discussed in this section
can be found in [157] and [158].

2.2.1 The Bayesian approach

Statistical methods over the past two centuries have largely been in-
formed by the frequentist approach, which views the probability of
an event as the fraction of times that event will occur given infinitely
many repeated trials. This is contrasted by the Bayesian approach,
in which probability indicates the plausibility of something being
true. The main ideological difference between the two is that in the
Bayesian approach, our prior knowledge or beliefs inform our expect-
ation of an outcome, whereas in the frequentist context, priors are not
explicitly taken into account.

There is no one true or correct approach, although the best choice
of method for different applications is widely debated. In general, if
the observed data is good enough, both approaches should draw the
same conclusions. However, in cosmology we are often at the limit of
what information we can gain from data and so prior information and
understanding of the dependence of a result on the prior assumptions
becomes important2. Hence, throughout this thesis, we will follow the
Bayesian approach, making our prior choices explicit.

In general, we can denote the probability of two events A and B occur-
ring by P(A) and P(B). We can write down the conditional probab-
ility P(A|B) which is the probability of A occurring given that B has
happened, and the joint probability of A and B happening, P(A, B).
The conditional probability, P(A|B), is formally defined as

P(A|B) ≡ P(A, B)
P(B)

, (90)

from which we can write

P(A|B)P(B) = P(B|A)P(A) = P(A, B), (91)

which immediately yields Bayes’ theorem [160],

P(A|B) = P(B|A)P(A)

P(B)
. (92)

The essence of Bayesian parameter inference is contained in (92).

2 For a concrete example of how a prior choice can affect a result, see e.g. section VIII
C of [159].
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In a real-world scenario, we have a posterior distribution of a para-
meter θ given some data D and a model M, P(θ|D, M), which is given
by the likelihood function, P(D|θ, M) multiplied by the prior probab-
ility distribution P(θ|M) and normalised by the Bayesian evidence,
P(D|M),

P(θ|D, M) =
P(D|θ, M)P(θ|M)

P(D|M)
. (93)

We are generally interested in calculating the expectation value of a
parameter, or a set of parameters, from the posterior distribution,

〈 f (θ)〉 =
∫

dθ f (θ)P(θ|D, M). (94)

As discussed in [158], this integral can be evaluated numerically to the
highest precision allowed by the computer being used. The simplest
way to do this for when the number of parameters (equivalently re-
ferred to as dimensions) n is greater than one is to sum over an evenly
spaced grid in parameter space. The grid must be large enough in
volume to cover all the regions in which f (θ)P(θ|D, M) is non-zero,
with some width wi in each direction. The grid will also have some
resolution ∆i in each direction, dependent on the smoothness of f (θ)
and P(θ|D, M). The number of points required in the grid is then
given by

G =
n

∏
1

(
wi

∆i

)
, (95)

which, if all dimensions contain a similar amount of structure, can be
approximated as

G ≈
(

w1

∆1

)n

. (96)

The exponential scaling with the number of dimensions makes the
grid method prohibitively slow when the number of dimensions gets
too large. For all the applications considered in this thesis, we have a
sufficiently large number of parameters in the problem that we can-
not use a grid method3, but must instead approximate the posterior
distribution using a sampling technique.

3 The limit above which it becomes sensible to use a sampling method rather than
calculate the integral directly is around five parameters.
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2.2.2 Monte Carlo sampling methods

The term “Monte Carlo method” refers to an experiment which yields
results via repeated random sampling4. The first step that any Monte
Carlo method used for drawing from a probability distribution relies
on is the assumption that from a set of samples {θi} ⊆ {θ}, we can in-
fer the properties of the full distribution. This means we only have to
calculate P( f (θ)|{θi}) rather than P( f (θ)|P(θ)). If we are only inter-
ested in the expectation values 〈 f (θ)〉, the central limit theorem states
that, as long as the distribution f (θi) has finite variance, the distribu-
tion over different sets of samples of any sum ∑i f (θi) will tend to a
normal distribution for large numbers of independent samples. This
means that from {θi} we can estimate 〈 f (θ)〉 using the estimator

E f ≡
1
ns

ns

∑
i=1

f (θi), (97)

where ns is the number of samples. The expected value of the estim-
ator is then the true expectation value,

〈E f 〉 = 〈 f (θ)〉. (98)

For a large number of independent samples, P(E f ) tends to the nor-
mal distribution N(〈 f (θ)〉, σ2

E), where σE = σf /
√

ns and σf is the true
variance of f (θ).

Given some distribution of interest, we will now describe how to gen-
erate the samples. For low dimensional problems a direct sampling
technique can be used5, of which a detailed description can be found
in [158]. However, even these methods are insufficient for the work
discussed later in this thesis, so we must consider more powerful
techniques better suited to very high dimensional problems, the ma-
jority of which are based on constructing Markov chains. For this
reason, this technique is commonly known as “MCMC” – Markov
chain Monte Carlo.

A Markov chain is defined by the concept of “memoryless-ness”.
An ideal Markov chain is a sequence of points in parameter space
for which the current position θi only depends on the point exactly
previous to that one, θi−1. We can define the transition probability
T(θi, θi+1) that determines the probability of the chain moving from

4 They are named as such after the casino in the Monégasque city of the same name,
where random chance prevails [161].

5 A direct sampling technique generates exactly independent samples, as opposed to
the Markov chain-based methods we will go on to discuss, in which the samples
only become independent as the sampling progresses.
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θi to θi+1. The probability of arriving at a given point must be equal
to the probability at that point to ensure that the chain has the correct
asymptotic distribution,

P(θj) =
∫

dθiP(θi)T(θi, θj). (99)

The way to ensure this is to use a transition probability that satisfies
the detailed balance condition, which means that the probability of
going from θi to θi+1 must be the same as the probability of going
from θi+1 to θi, i.e.

P(θi+1)T(θi+1, θi) = P(θi)T(θi, θi+1). (100)

The choice of the transition probability T(θi, θi+1) thus determines the
type of sampling method. We will focus on the method used by the
code CosmoMC, as this is the code used in subsequent chapters of this
thesis for parameter inference. The CosmoMC code [162, 163] employs
the Metropolis–Hastings algorithm [164, 165] to construct a Markov
chain that satisfies the detailed balance condition. The Metropolis–
Hastings algorithm uses a proposal distribution to select the next
possible point in the chain. This point is then either rejected, in which
case the chain does not move and a new proposed point is selected,
or is accepted with some probability.

Following [158], the proposal distribution s(θi, θi+1) can be chosen so
that it is easy to sample from, and it is commonly chosen to resemble
the expected posterior distribution in order to speed up the sampling
process. The acceptance probability is given in terms of the proposal
distribution as

a(θi, θi+1) = min
{

1,
P(θi+1)s(θi+1, θi)

P(θi)s(θi, θi+1)

}
, (101)

and the transition probability is thus

T(θi, θi+1) = a(θi, θi+1)s(θi, θi+1). (102)

The proposal distribution must be a function of the current position
only, otherwise the resulting chain will not be Markovian. This re-
quirement can be circumvented by having a “burn in” stage at the
beginning of the sampling, during which the choice of sample may
be informed by the past history. This allows for the proposal distribu-
tion to be improved before the main sampling begins. Once the burn
in stage is complete, the proposal distribution must be fixed, and the
samples collected during the burn in phase should be discarded be-
fore the final chain is analysed.
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The time taken to produce a fixed number of samples using the
Metropolis–Hastings method scales linearly with the number of di-
mensions. Besides refining the proposal distribution during the burn
in phase, the speed of sampling can be improved by using a covari-
ance matrix generated from samples of a previous chain to inform
the proposal distribution.

The main drawback of Metropolis–Hastings sampling is that it is
very sensitive to degeneracies in parameter space and struggles to
explore complicated posterior distributions as it is designed to find
the peak of the posterior distribution and steps in the chain away
from the peak are disfavoured. In cosmology, we are fortunate that
we do not expect multimodal distributions to appear very often, but
we do commonly see degeneracies. An example that we discuss in
detail in Chapter 6 is a degeneracy between the matter density para-
meter Ωm and a model parameter which controls violation of the
distance duality relation (given in (28)) that is evident when using
baryon acoustic oscillation data to constrain these parameters (for a
very clear example, see Figure 1 of [166]). In this case, the degeneracy
can be broken by adding a dataset that is sensitive to both parameters,
such as Type Ia supernovæ.

However, if we don’t have additional degeneracy-breaking data avail-
able, or we suspect that the posterior distribution may have mul-
tiple peaks, it may be sensible to consider an alternative sampling
method, such as nested sampling [167]. Nested sampling can effect-
ively explore multimodal distributions, as rather than constructing
a Markov chain, the sampling proceeds by exploring nested con-
tours of equal likelihood, ordered from least likely to most likely. For
a detailed explanation of nested sampling, see Chapter 1 of [158].
The nested sampling code polychord is available for use with CAMB
in the CosmoChord package [168, 169]. A comparison of Metropolis–
Hastings, nested sampling and a third method, affine-invariant en-
semble sampling (on which the popular code emcee is based [170])
can be found in [171].

Another advantage of nested sampling is that the Bayesian evidence
(the denominator of (93)) is the main output, rather than the posterior
distribution, allowing for quantitative comparison of different mod-
els. However, it is still possible to compare models even when the
evidence is not available, as we will now discuss.
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2.2.3 Model comparison

The most basic way to compare the results of a parameter inference
analysis is to perform a χ2 goodness-of-fit test. The χ2 distribution is
the distribution expected from the sum of the square of a number6 n
of Gaussian distributed variables x,

f (x, n) =
1

Γ(n/2)2n/2 xn/2−1 exp−x/2 . (103)

Under the assumption that the errors on our data7 are Gaussian, a
“goodness of fit” statistic, known as the χ2 statistic, can be defined as

χ2 =
n

∑
i=1

(yi − g(xi))
2

σ2
i

, (104)

or in the case of correlated errors,

χ2 = ∑
i,j
(yi − g(xi))C−1

ij (yj − g(xj)), (105)

where the data are [xi, yi], the errors are σi, a model for the data
is given by g(x) and Cij is the covariance matrix of the errors. This
should be distributed as a χ2 distribution, (103), with degrees of free-
dom given by n = d− p, where d is the number of data points and p
the number of parameters in the model.

To understand if a model is a good fit to the data using the χ2 statistic,
it is common to calculate the reduced χ2,

χ2
r =

χ2

d− p
. (106)

The expected result for a good fit is one. If χ2
r � 1, it indicates that the

data error bars were overestimated, whereas if χ2
r � 1, it generally

indicates that the model is a poor fit to the data.

In the context of comparing alternative dark energy models to ΛCDM,
we can generate two MCMC runs, one in ΛCDM, and one in our
alternative cosmology. We can then calculate the difference between
the χ2 statistics for the two models, i.e.

∆χ2 = χ2
ΛCDM − χ2

alternative, (107)

6 Also referred to as degrees of freedom.
7 By data we here mean the samples obtained from our sampling of the posterior

distribution of the model.
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along with the difference in degrees of freedom,

∆n = nΛCDM − nalternative. (108)

The ∆χ2 can then be compared with a χ2 table to determine the sig-
nificance. If the value is significant, it indicates that the alternative
model is a better fit than ΛCDM. It is very important to note that this
approach is only valid for nested models, i.e. situations in which the
additional parameters of the alternative model can be fixed in such
a way to completely recover ΛCDM. All the alternative dark energy
models considered in this thesis are nested models of ΛCDM.

If the models under consideration are not nested, another approach
is necessary. We can instead use information criteria to compare our
models. The most well-known are the Akaike information criterion
[172], Bayesian or Schwarz information criterion [173] and the devi-
ance information criterion [174, 175]. A benefit of the information
criteria is that they penalise complexity, which is generally desired
from an Ockham’s razor standpoint8.

The Akaike information criterion is given by

AIC = 2n− 2 ln(L), (109)

where n is the number of parameters and L the maximised value of
the likelihood function. A model with a smaller AIC is considered pre-
ferred by the data. The Bayesian information criterion is very closely
related, albeit with a stronger penalty term,

BIC = n ln(n)− 2 ln(L). (110)

Finally, the deviance information criterion is given by

DIC = χ2
eff(θ̂) + 2pD, (111)

where χ2
eff(θ̂) = −2 lnL(θ̂), θ̂ is the parameter vector at the best fit

and pD = χ2
eff(θ)− χ2

eff(θ̂), where the bar denotes the average taken
over the posterior distribution. This estimator accounts for both the
goodness of fit through χ2

eff(θ̂) and for the Bayesian complexity of the
model, pD, which disfavours models with extra parameters. We make
use of the deviance information criterion to compare alternative dark
energy models to ΛCDM in Chapter 3 and Chapter 5.

While the χ2 statistic is generally viewed as part of the frequent-
ist paradigm, and the information criteria as neither frequentist or

8 Simply put, simpler models are better.
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Bayes factor Interpretation

|log B12| < 1 Not worth more than a bare mention

1 < |log B12| < 2.5 Weak

2.5 < |log B12| < 5 Significant

5 < |log B12| Strong

Table 2: The Jeffreys scale, originally given in [177] and modified for cosmo-
logical applications in [158].

Bayesian (they have no dependence on significance levels or on pri-
ors), a truly Bayesian model comparison can be done by compar-
ing the Bayesian evidence for each model, given by the denomin-
ator of (93). If the samples are obtained using the nested sampling
method previously described, then the evidence is immediately avail-
able. However, if a Metropolis–Hastings method is used, the evidence
can be estimated from the chains, provided the dimensionality is not
too high, for example by using the MCEvidence code [176].

Once the Bayesian evidence has been obtained for two different mod-
els, a quantity called the Bayes factor can be calculated,

log B12 = log
[

P(D|M1)

P(D|M2)

]
, (112)

= log[P(D|M1)]− log[P(D|M2)], (113)

where M1 and M2 are the models to be compared. To interpret the res-
ulting Bayes factor values, the Jeffreys scale, shown in Table 2, can be
used. This is the method of model comparison we employ in Chapters
4 and 5.

2.3 summary

In this chapter, we have given an overview of cosmological perturb-
ation theory in the synchronous gauge and the Boltzmann equation
to explain how the Boltzmann code CAMB works. This code allows for
products such as CMB power spectra to be calculated for alternative
dark energy models such as the interacting vacuum model studied
in subsequent chapters of this thesis. We have discussed how we
can constrain alternative models using various sampling methods,
focusing on the Metropolis–Hastings approach as implemented in
the CosmoMC code used later in this thesis. Finally, we have described
three ways in which the resulting model constraints can be compared
to each other or to ΛCDM, to address the question of which is a
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better description of reality. We now move to the results of the re-
search covered in this thesis: a thorough investigation of the interact-
ing vacuum dark energy scenario, and an examination of the ability
of future standard siren observations to probe the distance duality
relation.





3
C O N S T R A I N T S O N T H E I N T E R A C T I N G VA C U U M

‘Is there any other point to which you would wish to draw
my attention?’
‘To the curious incident of the dog in the night-time.’
‘The dog did nothing in the night-time.’
‘That was the curious incident,’ remarked Sherlock Holmes.

arthur conan doyle

In this chapter, we introduce the interacting vacuum dark energy
scenario, motivated by the problems with ΛCDM previously dis-
cussed in Chapter 1. We show how the interaction is introduced
between the vacuum and cold dark matter energy–momentum
tensors and how the interacting term arises in the linear perturba-
tions of the theory. The interaction can act for the entire history of the
Universe, or switch on at a certain time. It can also remain constant
or vary with time. We study various combinations of these choices,
constraining the relevant cosmological and model parameters using
the parameter inference method of Metropolis–Hastings MCMC de-
scribed in Chapter 2. This chapter is based on [1].

3.1 introduction

The idea of a decaying vacuum energy as been afforded a great deal of
study in the literature (see, for example, [178, 179, 180, 181, 182, 134]).
Many other dynamical and interacting dark energy models have also
been investigated, often with the conclusion that not only can cos-
mological tensions be relieved in such models, but they may even be
favoured over ΛCDM (see, for example, [135, 183, 184, 185, 186, 187,
188, 189, 190] for more details).

The specific scenario we here consider retains general relativity as
the description of gravity, while allowing for a possible exchange of
energy between cold dark matter (CDM) and the vacuum, i.e. a dark
energy with an equation of state parameter w = −1 [8, 10]. This scen-
ario does not introduce any additional dynamical degrees of freedom
with respect to ΛCDM [134]. The interaction allows for the energy
density of the vacuum, V, to change, while cold dark matter can

53
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freely cluster under the sole action of gravity i.e. cold dark matter
remains geodesic, as in ΛCDM.

We investigate the possibility of such an interaction by choosing a
simple parameterisation and studying its behaviour as a function of
redshift. In the synchronous comoving gauge and under the assump-
tion of geodesic cold dark matter, the interaction is described by a
single background function Q(z) which we model as Q = qVHV,
where qV is a dimensionless function. Based on this, we consider five
different cosmologies, with the aim of reconstructing qV with step
functions in different redshift bins, using the values qV has in each
bin as parameters. In particular, the four bin case is essentially model-
independent.

The first two cosmologies, which we name Cfix, consider a physical
scenario in which we have a ΛCDM evolution in the past up to a fixed
transition redshift ztrans. At z lower than ztrans, the interaction switches
on and the vacuum energy starts to evolve. The two cases differ in the
redshift of the transition: in the first we assume that the interaction
starts at high redshift, with ztrans = 3000; in the other we assume
ztrans = 0.9, in order to compare with the same case considered by
[135]. For these two Cfix cases we sample over the usual cosmological
parameters, with the addition of the single interaction parameter, qV.

The third case, Cvar, is similar to the first two, but we additionally
sample over the transition redshift, ztrans. The fourth case, which we
call seeded vacuum energy or SVE, mimics a physical scenario in which
the coupling causes the vacuum energy to suddenly grow from zero
up to a ‘seed’ value at ztrans. At lower redshifts, the interaction then
behaves as in the previous three cases i.e. with a constant qV, and
the vacuum evolves accordingly. Therefore this case, like the third,
has two free parameters: qV and ztrans. The fifth case we consider is
the model-independent scenario in which we allow the interaction to
evolve in four redshift bins, using four different values of the interac-
tion strength qV. We call this the 4bins case.

3.2 cold dark matter – vacuum energy interaction

In this section we outline the theoretical framework for the interacting
vacuum scenario, beginning with a summary of the general covariant
theory and progressing to the details of the scenario in an FLRW
background with perturbations.
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3.2.1 Covariant theory of the interacting vacuum

In ΛCDM, the cosmological constant Λ represents the vacuum energy
of the Universe, and in a classical sense, this vacuum energy can be
treated as a non-interacting perfect fluid with an equation of state
parameter w = −1, as was realised by Lemaître [8, 10]. The energy–
momentum tensor of a perfect fluid is

Tµ
ν = Pδ

µ
ν + (ρ + P)uµuν, (114)

where ρ is the energy density, P the pressure and uµ the 4-velocity of
the fluid. We define the energy–momentum tensor of the vacuum as

Ťµ
ν = −Vδ

µ
ν , (115)

and by comparison with (114) we can identify V = −P̌ = ρ̌, i.e. V is
the vacuum energy density. This means that the equation of state
parameter w = P/ρ is equal to −1, as it is for the cosmological
constant Λ. Moreover, this form of the vacuum energy–momentum
tensor leaves the vacuum 4-velocity undefined and any 4-vector is an
eigenvector of Ťµ

ν . Therefore all observers measure the same vacuum
energy density V; in other words, the vacuum energy is boost invari-
ant. In the following, uµ therefore denotes the 4-velocity of cold dark
matter.

Denoting the energy–momentum tensor of cold dark matter with Tµ
ν

and its energy density with ρc,

Tµ
ν = ρcuµuν, (116)

we can introduce an interaction between cold dark matter and the
vacuum energy in the following way:

∇µTµ
ν = −Qν, (117)

∇µŤµ
ν = −∇νV = Qν, (118)

where the interaction 4-vector Qν represents the energy–momentum
flow between vacuum and cold dark matter.

If Tµν
tot = Tµν + Ťµν is the total energy–momentum tensor, then the

form of the interaction in (117) and (118) ensures the total conser-
vation equation ∇µTµν

tot = 0, which, as we mentioned in Chapter 1

follows from the contracted Bianchi identity ∇µGµν ≡ 0 in Einstein-
ian gravity. We note that this scenario reduces to the standard ΛCDM
case when Qν = 0, as this implies V = constant.
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We can project the interaction 4-vector in two parts parallel and or-
thogonal to the cold dark matter 4-velocity:

Qµ = Quµ + f µ, (119)

where, in the frame of observers comoving with the cold dark mat-
ter, Q represents the energy flow, and f µ the momentum exchange
between cold dark matter and the vacuum; f µ is orthogonal to uµ i.e.
f µuµ = 0.

Following [135] and [191], we consider the simplest case of interac-
tion: a pure energy exchange in the cold dark matter frame wherein
f µ = 0, and so Qµ = Quµ. The 4-force, f µ, is related to the 4-
acceleration aµ = uα∇αuµ by

f µ = aµρc. (120)

Since we set f µ = 0, it follows that aµ = 0, meaning there is no
acceleration of the cold dark matter due to the interaction and hence
the cold dark matter remains geodesic. We may call this interacting
scenario the geodesic CDM scenario (see also [192]). It follows from this
geodesic cold dark matter assumption that the effective sound speed
of matter perturbations is zero and hence the Jeans length is also zero,
meaning that there is no damping of matter perturbations on scales
smaller than the Jeans length. However, the interaction will still affect
structure growth, as discussed below in subsection 3.2.3.

A second important consequence of the assumption of pure energy
exchange is that, following (118), the cold dark matter 4-velocity uµ

consequently defines a potential flow and the cold dark matter fluid
is thus irrotational [193]. This is a sufficient approximation of the be-
haviour of cold dark matter at early times and on large scales, in a lin-
ear regime where only scalar perturbations are relevant for structure
formation, but at late times it is expected that non-linear structure
growth will lead to vorticity.

At late times, dark matter haloes are rotationally supported and
in this non-linear regime, a gravito-magnetic frame-dragging vector
field is generated [194]. Dark matter composed of a purely irrota-
tional fluid would have strong observational signatures (in particular,
the rapid formation and growth of supermassive black holes [195]),
so our assumption of the pure energy exchange which allows cold
dark matter to remain geodesic must break down below some length
scale.
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3.2.2 Flat FLRW background

In a spatially flat FLRW background, (117) and (118) reduce to the
coupled energy conservation equations,

ρ̇c + 3Hρc = −Q, (121)

V̇ = Q, (122)

where H is the Hubble expansion function and Q is the interaction
term.

3.2.3 Linear perturbations

We now consider the linear, scalar perturbations about the FLRW met-
ric. With the inclusion of these, the line element in a general gauge
becomes

ds2 =− (1 + 2φ)dt2 + 2a∂iBdxidt

+ a2[(1− 2ψ)δij + 2∂i∂jE]dxidxj. (123)

The perturbed energy density of cold dark matter is given by ρc + δρc,
and the perturbed 4-velocity of matter is

uµ = [1− φ, a−1∂iv], (124)

uµ = [−1− φ, ∂iθ], (125)

where

∂iv = a
∂xi

∂t
, (126)

θ = a(v + B). (127)

In the geodesic CDM scenario, where in (119) f µ = 0, the perturbed
energy conservation equations for cold dark matter and the vacuum
become

−δQ−Qφ = δρ̇c + 3Hδρc − 3ρcψ̇ + ρc
∇2

a2 (θ + a2Ė− aB), (128)

δV̇ = δQ + Qφ, (129)

and the momentum conservation equations become

θ̇ + φ = 0, (130)

−δV = Qθ. (131)
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Considering that we are interested in the geodesic CDM scenario,
with the interaction consisting of a pure energy exchange in the cold
dark matter frame, i.e. Qµ = Quµ, the cold dark matter 4-velocity
uµ acquires a central role, and it is therefore useful to consider a
velocity-orthogonal slicing where uµ coincides with the normal to the
constant-time hypersurfaces [196, 197].

In this case the spatial components of uµ in (125) vanish, and so θ = 0,
which then implies v + B = 0 from (127). The main convenience of
this time-slicing with θ = 0 is that the vacuum is spatially homogen-
eous on these hypersurfaces, δV = 0, which follows from (131). In
this slicing, we can then specify a gauge.

As previously described in Chapter 2, a convenient choice of gauge
for the numerical analysis discussed later is the synchronous gauge
comoving with the 4-velocity of cold dark matter, fixed by setting
φ = v = B = 0. With this choice, (130) becomes an identity, (131)
again implies δV = 0 and (129) therefore gives δQ = 0: both the in-
teraction and the vacuum are spatially homogeneous with this gauge
choice. The interaction therefore does not explicitly appear in the per-
turbation equations (128), (129) and it is not necessary to evolve the
vacuum perturbations once this choice of gauge is made1.

However, it is usual to use the density contrast δc = δρc/ρc to describe
matter perturbations. In doing so, the interaction is reintroduced via
the evolution of ρc from (121). We find that δc evolves as

δ̇c =
Q
ρc

δc + 3ψ̇−∇2Ė. (132)

This point cannot be stressed enough, as it shows that the interaction
has an effect on the perturbations and not just the background. This
has important implications for cosmological structure growth, as we
will further describe in subsection 3.2.4.

One may feel that the discussion of perturbations in cold dark mat-
ter and the vacuum only is too idealised, especially considering that
in our numerical analysis described in section 3.4, we make use of
the Boltzmann code CAMB [150, 151] in which baryons and radiation
are also included. In such a multi-component case, a common gauge
choice is that of the total matter gauge, with a 4-velocity chosen to be
the eigenvector of the total energy–momentum tensor [196]. In such a
gauge the cold dark matter would have a peculiar velocity and both
the vacuum and the interaction would be inhomogeneous. However,

1 We emphasise that the vacuum is perturbed in a general spacetime sense; it is only
homogeneous in the frame of observers comoving with the geodesic cold dark mat-
ter, where δV = 0.
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CAMB works in the synchronous gauge comoving with cold dark mat-
ter and therefore the perturbation equations of the other components
remain unchanged when one modifies CAMB from its basic ΛCDM ver-
sion. This greatly simplifies the analysis of the geodesic CDM scen-
ario we consider in this thesis.

3.2.4 Redshift space distortions in interacting cosmologies

An interacting scenario such as the one described above has a non-
trivial effect on the growth of structure, as we will now explain. The
peculiar velocities of galaxies, ~v, cause a stretching and squashing in
their shapes when plotted in redshift space. In ΛCDM, where there
is no interaction, these redshift space distortions constrain structure
growth because the divergence of the peculiar velocity field, ∇ ·~v, is
related to the time derivative of the density contrast,

δ̇c = −
1
a
∇ ·~v . (133)

One can write this time derivative in terms of a growth factor f as

δ̇c = −δcH f , (134)

where f is defined as

f ≡ d ln D
d ln a

, (135)

and where D is the amplitude of the linear growing mode [67]. These
distortions therefore allow a constraint to be placed on the growth
rate of structure in the form of f σ8, where σ8 is the amplitude of the
linear matter power spectrum on a scale of 8h−1Mpc. Equation (133)
can be interpreted in relativistic perturbation theory as relating δc in
the synchronous comoving gauge of the previous section to ∇ ·~v in
the Newtonian–Poisson gauge [196, 197].

However, in the interacting vacuum scenario, the interaction enters
into the equation for the evolution of the density contrast, (132). Re-
lating the∇ ·~v term with the metric perturbations in the synchronous
comoving gauge gives

∇ ·~v ≡ −a(3ψ̇−∇2Ė), (136)

and so

∇ ·~v = −aδ̇c +
aQδc

ρc
, (137)

∇ ·~v = −aδcH fi, (138)
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where fi is the modified growth rate in the interacting vacuum cos-
mology,

fi = f − Q
Hρc

. (139)

This means that in the interacting vacuum scenario, the redshift space
distortions that we observe place a constraint on a new parameter that
we may call fiσ8. This has been studied in [193], and a similar effect
in a cosmology with a scalar field that conformally and disformally
couples to dark matter was noted in [198].

An unmodified version of the code CAMB would compute the para-
meter f σ8 as written in Equation 33 of [199],

f σ8(z) ≡

[
σ
(vd)
8 (z)

]2

σ
(dd)(z)
8

, (140)

where σ
(vd)
8 is the smoothed density-velocity correlation and σ

(dd)
8

the smoothed density autocorrelation. The peculiar velocity in (140)
is the Newtonian–Poisson gauge velocity of the baryons and cold
dark matter. However, as we will explain in section 3.4, we modify
CAMB to include our interacting scenario. It follows that the modified
CAMB actually computes the right hand side of (140), which we may
interpret as the parameter fiσ8. We can therefore safely use redshift
space distortion data when attempting to constrain the interaction
strength. However, this is not a direct constraint on the growth factor,
f .

3.3 coupling function reconstruction

In order to constrain the interaction with available data, we write the
covariant coupling in (119) as

Q = −qV
1
3

ΘV, (141)

where Θ = ∇µuν is the expansion scalar and qV is a dimensionless
function that represents the strength of the coupling. In an FLRW
background, (141) reduces to

Q(z) = −qV(z)H(z)V(z), (142)

and hence the energy conservation equations (121) and (122) become

ρ̇c + 3Hρc = qV(z)H(z)V(z), (143)

V̇ = −qV(z)H(z)V(z). (144)
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Now that we have the differential equations written in terms of the
dimensionless coupling qV(z), we need to model the evolution of this
function in redshift in terms of some numerical parameter that we
will later constrain with cosmological data.

In this chapter, however, we are aiming to reconstruct the coupling
rather than test specific models, adopting an agnostic standpoint re-
garding qV and letting the data to tell us what this function is likely
to be. The simplest way to proceed is to use step functions2, approx-
imating the coupling function qV with one or more constant values of
qV in a series of redshift bins.

We focus on two main cases: the first is based on a single redshift bin,
the second on four. Thus, in the first case we consider a single step
function, with a fixed constant value qV from z = 0 to a transition
redshift ztrans, after which qV = 0, the coupling vanishes and V is
constant at higher redshifts. We will elaborate on four variants of this
single step function reconstruction scenario in section 3.5, discussing
two cases where ztrans is kept fixed, a case where we sample over ztrans

and a case where we assume V = 0 for z > ztrans.

Finally, going beyond the single step function reconstruction, we want
to account for a dynamical interaction qV with no a priori assumption
of any specific model for its time evolution: to this end, we consider
a binned reconstruction of the function qV(z), based on several step
functions.

It is worth stressing here that ztrans is a purely phenomenological
parameter, used to implement the step function reconstruction. A true
physical model producing an interaction between dark components
might indeed imply that such a coupling is active throughout the
whole history of the Universe, which would effectively correspond
to ztrans = ∞. However, given our choice of Q ∝ V(z), even if the
coupling is active at all times it will be effectively vanishing when the
vacuum energy becomes negligible. Choosing a ztrans corresponding
to an era where V(z) � ρc(z) therefore mimics a model in which
the coupling is always active and also allows us save computational
time, as it only requires solving the differential equations presented
in section 3.2 up to ztrans (see subsection 3.3.1).

At the same time, the physical model might imply that the coupling
only becomes active when certain conditions are satisfied. Having a

2 Notice that adopting a step function reconstruction for qV introduces discontinuities
in ρ̇c and V̇ in (143) and (144) at the boundaries of the redshift bins; however this
is not a problem, as the resulting ρc and V(z) are continuous. In practice, we adopt
a smoothed version of the step function reconstruction, so that even ρ̇c and V̇ are
continuous, see subsection 3.3.2.



62 constraints on the interacting vacuum

low ztrans can in principle phenomenologically mimic such a model
and obtaining the value of ztrans that is preferred by the data would
allow us to understand if models with a coupling that is not active at
all times are preferred with respect to those in which the transfer of
energy between the components is always active.

In the next three subsections, we describe the three main physical
scenarios and their implementation through a step function recon-
struction; namely a constant qV up to ztrans followed by V = constant,
a varying qV(z) represented by multiple bins and in which V =

constant after the final bin and finally a constant qV up to the trans-
ition redshift ztrans, after which V = 0. We then illustrate the effect of
the coupling on the cosmological evolution.

3.3.1 Constant qV interaction

With the reconstruction of qV in mind, we elaborate on the five dif-
ferent possibilities, all based on assuming that in some redshift range
qV is constant in time, i.e. qV(z) = qV. Then, in each bin the inter-
action between dark matter and vacuum energy scales with redshift
as Q(z) ∝ H(z)V(z). Such an interaction is a sub-case of the linear
couplings considered by [200], and it greatly simplifies the solutions
for ρc and V, which can be now obtained analytically from equations
(143) and (144).

Setting initial conditions at z = 0 gives

ρc(z) = ρ0
c a−3 + V0

qV

qV − 3
(
a−3 − a−qV

)
, (145)

V(z) = V0a−qV , (146)

where ρ0
c and V0 are the present values of the energy density of cold

dark matter and vacuum, respectively. Furthermore, the equations for
matter perturbations δc follow (132). Note that for qV = 3 the solution
is not divergent but has a logarithmic behaviour.

Analytical expressions similar to (145) and (146) can be found in dif-
ferent redshift bins, in a way that guarantees the continuity of ρc and
V across bin boundaries.

It is worth noticing at this point that the choice of a constant qV(z) is
a strong assumption that has to be taken with a pinch of salt: it con-
veniently simplifies the equations but can give an unphysical model3;

3 For instance, in an over-simplified model based on a negative constant qV at all times
the cold dark matter density ρc would become negative at some point.
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we use it here only to give a phenomenological representation of a
generic interaction in various redshift ranges, up to z = 0.

Hence, a first step we can take towards a more general description
of the coupling is to consider a single step function reconstruction
for qV(z), i.e. a qV that remains constant up to a certain redshift ztrans

and vanishes for higher redshifts; this corresponds to a cosmology
equivalent to ΛCDM in the distant past, undergoing a transition at
ztrans where the coupling is turned on and densities and perturbations
start to scale as in the constant qV case.

3.3.2 Binned reconstruction

In order to allow for a variation in redshift of the coupling function
qV(z), we reconstruct its evolution using a number of redshift bins N,
with the ith bin being enclosed in the range [zi−1, zi], with z0 = 0 and
i = 1, ..., N. For each of these bins the value at the centre of the range
(z̄i) is qi = qV(z̄i) and we assume the function to take this constant
value within the entire redshift bin. With this choice, we can generally
reconstruct the value of the function at any point as

qV(z) = q1 +
N−1

∑
i=1

(qi+1 − q1) [θH(z− zi)− θH(z− zi+1)] (147)

or, equivalently,

qV(z) = q1 +
N−1

∑
i=1

(qi+1 − qi) [θH(z− zi)] (148)

where θH is the Heaviside function. We choose however to adjust this
reconstruction by introducing a smoothing at the border of the bins,
controlled by the parameter s, substituting the Heaviside functions
with smooth steps based on hyperbolic tangent functions. This allows
us to avoid sharp transitions between values of the function qV(z),
which could lead to numerical problems. Given that no derivatives of
the coupling enter our equations, this should not be an issue in our
case, but even so, we rewrite the reconstructed function as

qV(z) = q1 +
N−1

∑
i=1

qi+1 − qi

2

[
1 + tanh

(
s

z− zi

zi − zi−1

)]
. (149)

Using (148) in equations (143) and (144) gives analytic expressions
similar to (145) and (146) in each bin, matched at the bin boundar-
ies; using (149) gives a smoothed version of the same qV(z). With
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this, we numerically obtain the densities ρc and V such that their de-
rivatives ρ̇c and V̇ are continuous through the bin boundaries. We
have checked that the numerical and analytical solutions for ρc and
V match extremely well.

3.3.3 Seeded vacuum energy

In the cosmology described above, there is a standard ΛCDM evol-
ution at high redshifts until the coupling switches on at ztrans and
the vacuum and cold dark matter energies can begin to interact. In-
stead, in the seeded vacuum energy case, or SVE, we have designed a
reconstruction that mimics a physical scenario in which for z > ztrans

we have a pure cold dark matter (Einstein–de Sitter) evolution, rather
than ΛCDM. In this scenario the coupling causes the vacuum energy
to suddenly grow from zero up to a ‘seed’ value at ztrans, a kind of
fast transition; cf. [201, 202] for a similar idea for unified dark matter
models. Then, at lower redshifts, the interaction is characterised as in
the previous cases, i.e. with a constant qV, and the vacuum evolves
accordingly. The free parameter, ztrans allows this rapid growth of va-
cuum to a non-zero value to occur even at very late times.

In practice, this setup is achieved by some reverse engineering in CAMB.
Since the coupling function Q is proportional to V, if V remained
practically zero for the entire cosmic history we would never have
any interaction. Instead, we ‘seed’ the growth of vacuum by inducing
a sudden spike in its density at ztrans. The vacuum energy V can then
grow to a finite value and the transfer of energy between the vacuum
and cold dark matter via the coupling can begin.

3.3.4 Effects of the coupling

As mentioned in Chapter 1, we are interested in the ability of these
models to ease the tensions between low and high redshift obser-
vations. In particular we focus on the tension between the local de-
termination of H0 and that inferred from CMB measurements of the
angular size of the sound horizon at recombination, θMC. In Figure
4 we show the H(z) obtained for three different values of qV and
the same value of θMC, also highlighting the resulting value of H0,
while the other cosmological parameters, i.e. the densities Ωbh2 and
Ωch2, primordial power spectrum amplitude and tilt As and ns and
the optical depth τop, are fixed to the best fit of Planck 2015 [199]. We
find that starting from the Planck value of θMC, a positive qV leads
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to higher values of H0 with respect to ΛCDM, thus moving in the
direction required to ease the tension.

Figures 5, 6 and 7 illustrate different aspects of the same three cosmo-
logies. Given the definition of Q in (142), a negative value for qV im-
plies that cold dark matter is decaying into the vacuum, thus with the
values of the density parameters Ωch2 and Ωbh2 fixed at z = 0 we end
up with a higher matter density in the past (see Figure 5). However,
because the cosmologies shown here have the same present value of
the matter density Ωch2, they will have significantly different matter
abundances at early times; this impacts other observables, e.g. CMB
power spectra which are significantly affected by the amount of mat-
ter (see Figure 6). Therefore if the only free parameters considered
are qV and H0 one would expect a positive correlation between the
two, but it is crucial not to neglect the effect of matter abundance on
predictions for cosmological probes and the resulting degeneracy of
Ωch2 with qV and H0.

In Figure 7 the effect of the coupling on the evolution of perturbations
is shown through its effect on the matter power spectrum P(k, z); we
can see that a positive value of qV suppresses the amplitude of P(k, z),
while on the contrary this is increased by a negative qV. We stress
that even though the results we comment on here refer to a case with
constant qV up to z = 1 and vanishing at higher redshifts, the same
qualitative behaviour also holds for different choices of the redshift
evolution of qV.

3.4 data and analysis method

We want to compare the predictions of the interacting vacuum scen-
ario with recent cosmological data. For this analysis we consider
the Planck 2015 measurements of the CMB temperature and polar-
isation [203, 199]. For the Planck likelihood, we also vary the nuis-
ance parameters that are used to model foregrounds as well as instru-
mental and beam uncertainties. We note that at the time of writing4,
the new Planck 2018 likelihood was not publicly available, but given
the similarities between the Planck 2015 and 2018 results we do not
expect that our results would change significantly were we to use the
2018 data presented in [61].

4 We remind the reader that this chapter is based on the published paper [1], which
was written prior to the Planck 2018 likelihood being made public, but in subsequent
chapters based on later papers, we do use the Planck 2018 likelihood. The two likeli-
hoods are sufficiently similar that we do not anticipate that the results presented in
this chapter would change if the analysis was repeated with the newer likelihood.
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Figure 4: The evolution of the Hubble function H(z) for three cosmologies
resulting in the same angular size of the sound horizon at recom-
bination. Except for qV and H0, whose values are shown in the la-
bel, all the other primary parameters are fixed to the Planck 2015

best fit.
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Figure 5: The evolution of the matter (dashed lines) and vacuum density
(solid lines) parameters as a function of redshift, for a small pos-
itive and negative coupling. The ΛCDM case is shown in blue.
Except for qV and H0, whose values are shown in the label, all the
other primary parameters are fixed to the Planck 2015 best fit.
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Figure 6: The CMB temperature–temperature power spectrum for three cos-
mologies resulting in the same angular size of the sound horizon
at recombination. Except for qV and H0, whose values are shown in
the label, all the other primary parameters are fixed to the Planck
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2015.
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Figure 7: The matter power spectrum at z = 0 for three cosmologies result-
ing in the same angular size of the sound horizon at recombination.
Except for qV and H0, whose values are shown in the label, all the
other primary parameters are fixed to the Planck 2015 best fit. The
ΛCDM case is plotted in blue.
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Quantity zeff Measurement Source

dv 0.106 457± 27(rs/rs,fid) Mpc [96]

dv 0.15 (664± 25)(rs/rs,fid) Mpc [97]

dv 0.32 (1270± 14)(rs/rs,fid) Mpc [63]

dv 0.57 (2033± 21)(rs/rs,fid) Mpc [63]

f σ8 0.32 0.392 [63]

f σ8 0.57 0.445 [63]

Table 3: This table lists the BAO and f σ8 data points used in our ana-
lysis. The parameter dv is a distance scale, defined as dv(z) =[
(1 + z)2d2

A(z)
cz

H(z)

]1/3
, dA being the angular diameter distance [96],

and f σ8 is the value of the linear growth rate f multiplied by σ8, the
amplitude of the linear matter power spectrum on a scale of 8h−1

Mpc.

In addition to the Planck CMB data, we utilise the BAO measurement
from the 6dF Galaxy Survey [96], the BAO scale measurement from
the SDSS DR7 Main Galaxy Sample [97] and the combined BAO and
RSD data from the SDSS DR12 consensus release [63] (data points
listed in Table 3), together with the JLA Type Ia supernovæ sample
[44]. We refer to the combined datasets as Planck + Low-z, with Low-
z referring to the combination of all dataset at redshifts lower than
recombination.

3.4.1 Implementation in CAMB

Now that we have chosen our methods of reconstruction, we need
to obtain predictions for the cosmological observables. In order to do
so we use the Einstein–Boltzmann Code for the Anisotropies in the
Microwave Background (CAMB); we modify the code so that it uses the
ρc(z) and V(z) of our model rather than those computed internally
within the ΛCDM framework. We therefore add a new module which
solves the differential equations (143) and (144), with qV computed
at each redshift according to the methods described in section 3.3.
We use a Runge–Kutta algorithm, starting from the present day with
initial conditions

ρ0
c = 3H2

0 Ωc,

V0 = 3H2
0 ΩΛ, (150)

and then evolving the equations backwards in time. To solve the equa-
tions for cold dark matter perturbations we make use of the routines
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present in CAMB, modifying the equation for cold dark matter with the
extra source term proportional to qV described in (132).

On top of this, we make use of the MCMC sampler CosmoMC [162,
163] to sample the parameter space and compare our predictions with
the cosmological data mentioned above. The six sampled parameters
are therefore those of the minimal ΛCDM: the baryon and cold dark
matter densities at present day, Ωbh2 and Ωch2; the optical depth, τop;
the primordial power spectrum amplitude and tilt, As and ns, and the
Hubble constant H0.

Furthermore, we also consider additional parameters depending on
the specific cosmology we investigate:

• Cfix: the constant coupling qV with uniform prior [−6, 3], con-
trolling the evolution of the densities up to a fixed ztrans = 3000,
with standard ΛCDM evolution at higher redshifts. We also con-
sider a variation on this in which ztrans = 0.9, to compare dir-
ectly with [135].

• Cvar: the constant coupling qV and the varying ztrans with uni-
form priors [−6, 3] and [0.1, 10] respectively. At redshifts higher
than ztrans the coupling is turned off and we then have stand-
ard ΛCDM evolution. In order to test the stability of the results
changing the prior choice, we also explored a logarithmic prior
on ztrans, including also higher values of this parameter, finding
no significant differences in our results. We choose therefore to
only present the results obtained with the uniform prior.

• SVE: a constant qV and the varying transition redshift ztrans. At
redshifts higher than the transition redshift, cold dark matter
evolves in the standard way while V(z) smoothly transitions
to zero from its value at ztrans according to the solution of the
differential equations. For these parameters we also use the uni-
form priors [−6, 3] and [0.1, 10] respectively.

• 4bins: N = 4 low redshift bins qi, with uniform priors [−6, 3],
used to reconstruct the evolution in time of the coupling func-
tion qV(z), with a return to standard ΛCDM for redshifts higher
than the last bin. The number and redshift of the considered
bins (zi ∈ {0.3, 0.9, 2.5, 10}) are chosen in order to compare our
results with that from previous work by [135].

The choice of the prior range [−6, 3] for the qV parameters arises from
the fact that ρc in (145) becomes singular when qV = 3. While higher
values of the coupling are theoretically possible, we choose to limit
the parameter space to the non-pathological part, in order to avoid
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Parameter Prior range

Ωbh2 [0.005, 0.1]

Ωch2 [0.001, 0.99]

H0 [50, 100]

τop [0.01, 0.8]

log 1010As [2.0, 4.0]

ns [0.8, 1.2]

qi
V [−6, 3]

ztrans [0.1, 10]

Table 4: Prior ranges on the cosmological parameters sampled in our ana-
lysis. The prior range on ztrans refers to the Cvar and SVE cases,
while in the rest of the analysis this parameter is fixed.

issues with the sampling. Indeed, we find that this prior is sufficiently
broad as to have no effect on our results. A summary of the priors
used on all parameters can be found in Table 4.

3.5 results

In this section we present the results of our investigation, beginning
with the two Cfix cases where the interaction is characterised by a
constant parameter qV up to a transition redshift, moving to the cases
where the transition redshift ztrans is allowed to vary (Cvar and SVE)
and finally the 4bins case. We remark again that any integration is
performed with initial values set today at z = 0. In particular a non-
zero value for the vacuum V0 is set as in (150).

In Table 5 we summarise results for the five cases; we report the mar-
ginalised constraints on the primary parameters sampled in our ana-
lysis, adding also the combination of derived parameters σ8Ω1/2

m , use-
ful to assess the status of the tensions between high and low redshift
probes.

Parameter Case Planck Planck + Low-z

Cfix 0.02226± 0.00022 0.02235± 0.00015

Cfix (ztrans = 0.9) 0.02226+0.00014
−0.00020 0.02235± 0.00014

Ωbh2 Cvar 0.02222± 0.00015 0.02234± 0.00014

SVE 0.02224± 0.00016 0.02235± 0.00015

4bins 0.02224± 0.00015 0.02226± 0.00016
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Cfix 0.131± 0.040 0.122+0.011
−0.0089

Cfix (ztrans = 0.9) 0.118+0.025
−0.038 0.130± 0.015

Ωch2 Cvar 0.153+0.047
−0.031 0.124± 0.012

SVE 0.150+0.049
−0.024 0.124± 0.011

4bins 0.132+0.031
−0.056 0.117+0.020

−0.045

Cfix 0.080+0.021
−0.017 0.077± 0.017

Cfix (ztrans = 0.9) 0.080+0.018
−0.015 0.078± 0.016

τop Cvar 0.080± 0.017 0.077± 0.016

SVE 0.079± 0.016 0.076± 0.017

4bins 0.081± 0.017 0.074± 0.017

Cfix 3.094+0.039
−0.032 3.084± 0.033

Cfix (ztrans = 0.9) 3.094+0.029
−0.033 3.087± 0.032

log 1010As Cvar 3.094± 0.034 3.084± 0.031

SVE 3.093± 0.032 3.084± 0.033

4bins 3.098± 0.032 3.082± 0.034

Cfix 0.9647+0.0048
−0.0062 0.9681± 0.0043

Cfix (ztrans = 0.9) 0.9658+0.0042
−0.0062 0.9684± 0.0040

ns Cvar 0.9643± 0.0047 0.9679± 0.0041

SVE 0.9646± 0.0048 0.9682± 0.0043

4bins 0.9644± 0.0045 0.9655± 0.0047

Cfix 62.3+3.2
−6.2 67.54± 0.80

Cfix (ztrans = 0.9) 67.05± 2.1 67.26± 0.86

H0 Cvar 62.2+4.9
−5.5 67.50± 0.81

SVE 61.9± 5.2 67.46± 0.86

4bins 64.0± 4.8 67.33± 0.80

Cfix 0.4652+0.0075
−0.022 0.452+0.011

−0.014

Cfix (ztrans = 0.9) 0.4752± 0.037 0.446± 0.017

σ8Ω1/2
m Cvar 0.4614+0.0088

−0.021 0.451+0.012
−0.015

SVE 0.461+0.012
−0.025 0.450± 0.016

4bins 0.481+0.064
−0.076 0.482± 0.055

Cfix 0.52+0.65
−0.77 0.04± 0.10

Cfix (ztrans = 0.9) 0.059± 0.39 0.14± 0.19

qV Cvar 0.59± 0.53 0.07+0.11
−0.14

SVE 0.62± 0.60 0.06± 0.12

q1 4bins 0.0+1.2
−1.5 −0.42+0.51

−1.0
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q2 4bins 0.3+1.9
−1.2 0.88+0.82

−0.66

q3 4bins > −2.7 −0.62+1.3
−0.91

q4 4bins unconstrained unconstrained

Cfix − −
Cfix (ztrans = 0.9) − −

ztrans Cvar unconstrained unconstrained

SVE > 1.7 > 1.4

Table 5: Marginalised values of the parameters and their 68% confidence
level bounds, obtained using Planck and Planck + Low-z. When
only upper or lower bounds are found, we report the 95% confid-
ence level limit.

3.5.1 Cfix case

As a baseline result, we report the constraints obtained assuming a
constant value qV for the coupling, up to a fixed redshift ztrans = 3000.
At higher redshifts, the interaction is turned off (qV(z > ztrans) = 0)
and the vacuum assumes a constant value V = V(z = ztrans). This
choice is made so that the interaction affects the evolution of cold dark
matter and vacuum only after the last scattering surface; however,
given our choice of Q ∝ V, the interaction is negligible during the
matter dominated era.

In Figure 8 we show the 2D joint marginalised contours of qV with H0,
Ωm and Ωch2. We point out that the constraints placed by Planck on
qV and H0 are strongly degenerate. This effect is due to the change in
the Universe’s expansion history caused by the interaction: we find
that a larger H0 requires a smaller coupling parameter qV in order
to recover the same expansion history. A similar degeneracy is also
present between qV and Ωm. In general, the CMB data prefer positive
values of qV. Negative values of qV imply that we would have a smal-
ler cold dark matter density at late times (see bottom bottom panel
of Figure 8), which would boost the amplitude of the acoustic peaks
in the CMB temperature–temperature power spectrum by such an
amount that the change could not be compensated for by equivalent
changes in the other cosmological parameters.

We find that the Planck data alone allow for the coupling qV to be non-
vanishing; however, the ΛCDM limit of this model is within the 68%
confidence level region. The degeneracies between qV, H0 and Ωm are
broken when the Low-z datasets are added to Planck. This is because
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the data directly probe the redshift range where the interaction is
primarily effective. The combination of the Planck and Low-z data
does not allow qV to greatly deviate from zero and the cosmology is
therefore very similar to ΛCDM.
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Figure 8: Cfix case with ztrans = 3000: 68% and the 95% confidence level mar-
ginalised contours on H0, qV = qV(z ≤ 3000) and Ωm as obtained
in the analysis with the Planck (red) and Planck + Low-z (yellow)
datasets.

3.5.2 Cfix with low transition redshift

We now consider a Cfix case in which we set the transition redshift
to ztrans = 0.9. This allows us to make a direct comparison with the
so-called q34 case presented in [135], in which it was found that a null
interaction was excluded at the 99% confidence level.

This Cfix case should be seen as a simple single step function recon-
struction of an interaction that is negligible for z > ztrans = 0.9. It is
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a single parameter reconstruction where, as in [135] and in compar-
ison to our 4bins case of section 3.5.5, the first two bins are grouped
together, with no interaction for z > ztrans = 0.9. Note that in [135]
the ztrans = 0.9 value was also chosen because it was the best fit value
resulting from a two parameter analysis, similar to our Cvar case in
the next section.

Our results for this case are similar to that of the Cfix case with
ztrans = 3000. However, in this case, the CMB bound on qV, and con-
sequently the bound on the degenerate cosmological parameters, is
less broad and more directly centred on qV = 0 with respect to the
ztrans = 3000 case; this is due to the fact that the coupling is active
for less time and therefore values of qV that are significantly different
from zero cannot be compensated by changes in Ωch2. This result dif-
fers from that found by [135] in that we do not exclude the ΛCDM
limit of qV = 0 at any confidence level. The marginalised 2D joint
distributions for the relevant parameters in this case are shown in
Figure 9.

3.5.3 Cvar case

In Figure 10 we show the results of the case where the transition red-
shift ztrans is allowed to vary. In this case we also find the ΛCDM limit
to be a good fit to the data, both in the Planck and Planck + Low-z
combinations respectively, as reported in Table 5. We find an evolu-
tion similar to both Cfix cases, with the inclusion of the Low-z dataset
breaking the degeneracies between qV and the cosmological paramet-
ers in the Planck result. With both Planck alone and Planck+Low-z,
we find that ztrans is unconstrained, in contrast to a similar analysis
in [135]. For values of this parameter that correspond to the matter
dominated era, this Cvar case effectively reduces to the Cfix one, as
V(z) and consequently qV become negligible. For low values of ztrans

this case becomes extremely similar to ΛCDM, with ztrans = 0 acting
as another ΛCDM limit of the model for any value the coupling can
take.

3.5.4 SVE case

In Figure 11, we show the results for the SVE cosmology. The first
thing to notice is that this case is analogous to Cvar when ztrans takes
high values, with both data combinations favouring positive values
of the coupling, i.e. a decay of vacuum energy density into cold dark
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Figure 9: Cfix case with ztrans = 0.9: 68% and the 95% confidence level mar-
ginalised contours on H0, qV = qV(z ≤ 0.9), Ωm and Ωch2 as
obtained in the analysis with the Planck (red) and Planck + Low-z
(yellow) datasets.
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Figure 10: Cvar case: 68% and the 95% confidence level marginalised con-
tours on H0, qV = qV(z ≤ ztrans), ztrans and Ωm as obtained in
the analysis with the Planck (red) and Planck + Low-z (yellow)
datasets.
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Figure 11: SVE case: 68% and the 95% confidence level marginalised con-
tours on H0, qV = qV(z ≤ ztrans), ztrans and Ωm as obtained in
the analysis with the Planck (red) and Planck + Low-z (yellow)
datasets.

matter. This is due to the fact that in Cvar, even though V(z) does not
vanish, it becomes negligible in the past following the ΛCDM evolu-
tion (see Figure 15) and the difference between the two models effect-
ively vanishes. The situation is different for low transition redshifts;
while in the Cvar case the model approaches ΛCDM, in SVE, low val-
ues of this parameter are significantly disfavoured. This is because
for ztrans . 2, a vanishing V(z) affects both the predictions for Low-z
and for CMB, through its impact on CMB lensing and ISW effect. In
the Cvar case ztrans was unconstrained, while here we find a lower
limit at 95% confidence level of ztrans = 1.8 (Planck) and ztrans = 1.4
(Planck+Low-z).
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3.5.5 4bins case

In this case, we aim to update the work of [135], in which the coupling
consists of N = 4 bins in redshift, with transitions at z = 0.3, 0.9, 2.5
and 10 and values qi with i = 1, ..., 4, thus allowing for a general
evolution in redshift of the coupling function qV(z). In Figure 12 and
Table 5 we show the results obtained from the cosmological analysis
with this four bins setup, considering both the Planck and Planck +
Low-z datasets.

The first thing to note is that the high redshift bin q4 is not constrained
by either dataset. This is due to the fact that most of the Low-z data lie
at redshifts lower than those affected by this parameter and therefore
any constraining power would come from the effect of the coupling
in this redshift bin on CMB power spectra predictions. However, we
see that the Planck data is also unable to place any bounds on the
value of q4, nor an upper bound on the value of q3.

While ΛCDM is also a good fit to the data in this case, in general
we find that the allowed range for the amplitude of the interaction
in each redshift bin is larger than in the Cfix and Cvar cases. This is
expected, as the values of qi can be compensated for by the overall
evolution of qV(z) and therefore by the qj 6=i parameters. This induces
an anti-correlation between the values of the coupling in neighbour-
ing bins. Once again, this degeneracy is significantly reduced when
the Low-z data are included, as these datasets are more efficient in
constraining the values of qi in each redshift bin rather than the aver-
age effect of the interaction.

However, while in the Cfix and Cvar cases the inclusion of Low-z pro-
duces tight posteriors centered on the ΛCDM limit, in the 4bins case
the first bin posterior is slightly shifted to negative values (with q1 = 0
still within the 68% confidence interval) and the second bin posterior
is shifted towards positive values: this is due to the aforementioned
anti-correlation. While still in agreement with a constant qV(z) = 0
cosmology, the Planck+Low-z dataset allows for a model with an os-
cillatory amplitude of vacuum energy–cold dark matter interaction at
low redshifts (See subsection 3.6.3 for further discussion). This is in
contrast to the results of many similar works. We will expand on this
point in section 3.7.
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Figure 12: 4bins case: 68% and the 95% confidence level marginalised con-
tours on qi, i = 1, ..., 3 and Ωm as obtained in the analysis with
the Planck (red) and Planck + Low-z (yellow) datasets.
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3.5.6 Evolution of f σ8

From these results, we can also examine how the interaction in each
case affects the evolution of the f σ8 parameter as computed by the
modified CAMB, keeping in mind that in our interacting scenario this
parameter does not directly constrain the growth factor, i.e. it rather
represents fiσ8, as discussed in subsection 3.2.4. In Figure 13, we plot
the f σ8 prediction for each case, using the mean posterior values of
qV from the Planck+Low-z runs to obtain its evolution as a function
of redshift. For illustrative purposes, we plot these predictions along
with data points from various collaborations: 2dFGRS [204], 6dFGRS
[205], WiggleZ [206], SDSS LRG [207], BOSS CMASS [208] and VI-
PERS [209].

This plot shows how the similar values of qV obtained for Cfix, Cvar
and SVE lead to similar evolution histories for f σ8, with the small
positive values of qV in these cases leading to a suppression of this
quantity with respect to ΛCDM. Growth is suppressed with a positive
coupling because our implementation in CAMB works by starting with
the values of cosmological parameters at z = 0 and evolving them
backwards in time. This means that, with a positive qV, we need less
matter in the past to reach the correct value of Ωm today; in addition,
qV > 0 implies a negative contribution of the coupling to δ̇ in (132);
the net result is that the growth is suppressed. The 4bin case instead
sees an enhancement of f σ8 with respect to ΛCDM: this is due to the
overall negative value of the coupling across the 4 redshift bins.

Note that for qV 6= 0, Figure 13 is effectively a plot of fiσ8, and fi > f
for qV > 0 (see (139)). In practice, the suppression of the growth
implies a σ8 small enough to produce a smaller fiσ8, and vice versa
for qV < 0.

3.6 discussion

In this section we discuss our results, presenting a rough model com-
parison analysis in order to estimate the statistical preference of our
models with respect to ΛCDM. Moreover, we focus on the effects on
the tensions in the values of H0 and σ8 in the different interacting
cases presented above. We also describe how the qV(z) function can
be reconstructed using Gaussian processes.
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Figure 13: The predictions for f σ8 for ΛCDM (plotted in black) and the in-
teracting cosmologies studied in this chapter. For illustrative pur-
poses, we plot these together with data from various collabora-
tions (see text for details).
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3.6.1 Model comparison

In all our results we find a good agreement between the ΛCDM limit
of the interacting models investigated and the constraints obtained
through the analysis of cosmological data. We therefore expect that
there is no significant statistical preference for the extended model
over ΛCDM. However, we will quantify this preference by making
use of the deviance information criterion (DIC) [175], which, as we
explained in Chapter 2 is given by

DIC ≡ χ2
eff(θ̂) + 2pD , (151)

where χ2
eff(θ̂) = −2 lnL(θ̂), θ̂ is the parameter vector at the best fit

and pD = χ2
eff(θ)− χ2

eff(θ̂), where the bar denotes the average taken
over the posterior distribution. In order to compare ΛCDM with the
models explored here, we compute:

∆DIC = DICV −DICΛCDM. (152)

From this definition it follows that a negative ∆DIC would support
the extended model, while a positive one would support ΛCDM.

In Table 6 we show the values obtained for this estimator in all the
cases analysed in this chapter. We find that when analysing only CMB
data, all the models except for Cfix are slightly preferred with respect
to ΛCDM. However, all the cases have a ∆ DIC close to zero, showing
that the preference of the extension over the standard model (or vice
versa) is inconclusive in all cases, if we set ∆DIC = 5 as the threshold
for a moderate preference [210]. When analysing the Planck+Low-z
case, we find that all cases have a small positive ∆ DIC, indicating that
ΛCDM is marginally preferred over the extended model. This comes
from the fact that adding the Low-z datasets significantly shrinks
the constraints around the ΛCDM limit of the model, thus disfavour-
ing the extended case which, at this point, effectively reproduces a
ΛCDM cosmology with the addition of extra parameters.

3.6.2 Effects on cosmological tensions

As we highlighted in Chapter 1, one of the motivations to explore the
coupling scenarios discussed in this thesis is to attempt to solve the
tensions that exist between different observations, i.e. the discrepan-
cies between low and high redshift measurements of the present day
expansion rate of the Universe and of the clustering of matter. In Fig-
ure 14 we plot the H0 versus Ωm and σ8 versus Ωm 2D marginalised
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Parameter Planck Planck+Low-z

Cfix 1.1 3.8

Cfix (ztrans = 0.9) −1.2 0.4

Cvar −0.5 2.6

SVE −1.3 1.3

4bins −1.6 3.1

Table 6: ∆DIC values for the different models analysed, both when using
Planck data alone and when combining them with the Low-z data-
sets.

contours for every case considered, obtained using the Planck 2015

dataset, comparing them with the constraints used assuming ΛCDM,
in order to examine the effects of the interaction on the H0 and σ8

tensions.

We firstly note that for both of these combinations, the contours ob-
tained for the Cfix, Cvar and SVE are very similar, showing that chan-
ging the behaviour of V(z) after ztrans (from standard ΛCDM evolu-
tion to vanishing V(z)) has no significant effect if ztrans is already in
an epoch where vacuum energy is negligible. In Figure 15, we have
plotted the ratio of the vacuum to cold dark matter energy densities,
for both a small positive and negative coupling and with two trans-
ition redshifts, ztrans = 0.9 and 10. The sign of the coupling and the
transition redshift value have limited effect, as for each of the four
values shown, the density ratio reaches 1/100 and 1 at very similar
redshifts. The 4bins case instead yields broader constraints with re-
spect to the other cases, an effect which is due to the higher number
of coupling parameters and their degeneracies with the standard cos-
mological ones.

The top panel of Figure 14 shows how the coupling scenarios are
able to apparently ease the tension between the local measurements
of H0 (grey band) and the Planck measurement. However, this is only
due to the extreme degeneracy between H0, Ωm and qV that we high-
lighted in section 3.5; the mean values obtained for H0 are actually
lower than those found by Planck assuming ΛCDM, and the tension
is eased only because of the much larger error bars. In [127] it was
proposed that this tension could be relaxed with an early dark energy
component, affecting the evolution of the Universe at z & 3000; while
not explored here, a high redshift coupling between cold dark matter
and vacuum energy could in principle be used to mimic the effect of
such a component. We explore this point further in Chapter 5.
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In the bottom panel of Figure 14, we instead highlight how reconcil-
ing the tension in σ8 is less feasible in this model. The errors on the
cosmological parameters are once again enlarged by the degeneracies
introduced by the coupling. This leads to lower values of σ8 being al-
lowed, but these lower values subsequently necessitate higher values
of Ωm in compensation, which are then disfavoured by the Low-z
data.

3.6.3 Gaussian process reconstruction

We can use Gaussian processes to attempt to reconstruct the qV func-
tion for the four bin case. Gaussian processes have been widely used
in cosmology to reconstruct smooth functions from observational
data, particularly for functions such as H(z) and the dark energy
equation of state w(z) (see, for example, [212, 213, 214, 215]). Since
we do not expect the qV function to vary rapidly, the Gaussian pro-
cess approach is suitable to use in this case too. We use the Gaussian
process regressor available in the Python library george5.

The Gaussian process regression works by using a covariance func-
tion, or kernel, to relate the function values at two points, x and x̃, to
each other. The advantage of using Gaussian processes over a basic
spline or parametric fit is that it not only allows us to consider a much
wider range of possible fitting functions for qV but it also means we
can potentially inform our choice of kernel based on the underlying
physical processes at work.

There has been some debate in the literature about the appropriate
choice of kernel for various problems, with no clear-cut answer yet.
For example, [216] found that the Matérn class of kernels, and es-
pecially the Matérn (ν = 9/2) kernel was the most successful at re-
constructing w(z) using supernova data. The Matérn class of kernels
have the following general form

k(x, x̃) = σ2 21−ν

Γ(ν)

(√
2ν(x− x̃)2

`

)ν

× Kν

(√
2ν(x− x̃)2

`

)
, (153)

where Γ(ν) is the gamma function, Kν is a modified Bessel function
and ν controls the shape of the covariance function, tending to the
Gaussian limit as v → ∞. The hyperparameters ` and σ correspond
to the approximate length scale over which the function varies and
the magnitude of these variations respectively.

5 https://github.com/dfm/george

https://github.com/dfm/george
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Figure 14: 68% and 95% confidence levels on the H0 – Ωm plane (top panel)
and Ωm – σ8 plane (bottom panel) for the 4 cosmologies con-
sidered: Cfix (yellow contours), var (dark blue contours), 4bins
(red contours) and SVE (green contours), with the ΛCDM Planck
alone case plotted in black. The grey bands in the top panel show
the 68% and 95% confidence level on H0 as obtained in [211].
These results are obtained with the analysis of the full Planck
dataset.
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Figure 15: Ratio of the vacuum to cold dark matter energy density for a
small positive and negative coupling with two different transition
redshifts. The ΛCDM case is plotted in dark blue.

In the course of our analysis we investigated the results given by
all the basic kernels provided by george, none of which resulted in
a function that excludes ΛCDM at any confidence level, but as ker-
nels can be added or multiplied in almost any combination, we did
not test every possibility exhaustively. We therefore present the recon-
struction given by the squared exponential kernel, the simplest of the
Matérn class kernels, recovered from (153) when ν→ ∞,

k(x, x̃) = σ2 exp
(
− (x− x̃)2

2`2

)
. (154)

This reconstruction is shown in Figure 16. For comparison, we also
show the reconstruction using the 2

nd and 3
rd order polynomial ker-

nels provided by george in Figure 17. The data points in both cases
come from the Planck + Low-z runs, in which we can clearly see the
oscillatory behaviour of the coupling mentioned earlier.

The hyperparameters ` and σ that appear in the kernels described
above can be optimised by maximising the log-likelihood of the func-
tions they produce. However, with this optimisation implemented,
our Gaussian process regressions all collapsed to be exactly equal to
zero for all redshifts. This is because we have very little data with
which to inform the Gaussian process and the Gaussian process al-
ways returns to its baseline of zero when it has insufficient informa-
tion. We therefore conclude that the Gaussian process approach will
be better suited to reconstructing a case with a greater number of
redshift bins. Such a case is the focus of Chapter 4.
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Figure 16: Gaussian process reconstruction of qV using the squared expo-
nential kernel, with data points as provided by the analysis of
the 4bins cosmology. The grey dashed lines indicate the boundar-
ies of each redshift bin.

3.7 comment on other results

Finally, we note that there has been an extensive treatment in the
literature of a similar interacting vacuum scenario to that studied in
this chapter [187, 217, 218, 219, 220], upon which we would like to
comment.

Firstly, all of the aforementioned works appear to use a single bin
case, akin to what we call Cfix, which implies the interaction para-
meter qV has been constant throughout the entire cosmic history. This
is sufficient for a basic analysis, but carries some important physical
implications. If the interaction remains constant for the entire cosmic
history (and is found to favour a decay of cold dark matter into the
vacuum) it implies that eventually the energy density of cold dark
matter must become negative, as we have pointed out at the end of
subsection 3.3.1. While the phenomenology of such a scenario may
still be interesting when studying the Universe’s history, the unphys-
icality of the model is motivation enough to instead consider the ef-
fects of a dynamical interaction, as we have done in this chapter.
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Figure 17: Gaussian process reconstruction of qV using three different ker-
nels, with data points as provided by the analysis of the 4bins cos-
mology. The grey dashed lines indicate the boundaries of each
redshift bin and the shaded regions denote the 68% confidence
intervals of the Gaussian process reconstruction.
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Secondly, in [219], the effect of the interaction on perturbations in
the matter energy density are not clearly taken in to account. As we
have shown, the interaction enters into the equation for the density
contrast (132) and it is necessary to modify CAMB accordingly. The
presence of the coupling in this equation means that the interaction
will have some effect on cosmological structure growth, which is also
clear from the matter power spectrum for the Cfix case, as shown in
Figure 7. While an analysis of the background cosmology is instruct-
ive, we consider the work in this chapter to be an improvement, as
we also take into account the effect of the coupling at the level of the
perturbations.

Furthermore, [217] and [218] forgo a complete MCMC parameter in-
ference with the full Planck CMB likelihood, choosing instead to use
only the compressed likelihood. We believe our full analysis that
takes the complete, uncompressed data into account has produced
a more reliable result. However, we note that the novel use of the
bispectrum as a potential tracer of the dynamics of dark energy was
investigated in [218] and subsequently expanded on in [188] using
the well-known XCDM, CPL and φCDM parameterisations (in this
work the authors also used the full Planck likelihood). Such an idea
was also proposed by [193], but we emphasise that the original arXiv
version of [218] preceded [193]. It was indeed found in [188] that the
bispectrum enhances the dynamical dark energy signal, so an inter-
esting avenue of future investigation would be to use the bispectrum
data when constraining the interacting vacuum scenario. A careful
consideration of the effect of the interaction on the bispectrum meas-
urements would be needed, however.

The work of [187] also examined the same interacting scenario, but in
addition to varying the interaction strength along with the six stand-
ard cosmological parameters in ΛCDM, they also varied the sum of
the neutrino masses, ∑ mν, and the effective number of relativistic
degrees of freedom, Neff. It was found in that work that the use of
the combination of Planck+BAO+JLA data (exactly equivalent to the
Planck+Low-z combination used in this chapter) resulted in finding
no suggestion of an interaction. However, the inclusion of galaxy
cluster count data from Planck [221] and CFHTLenS [222] resulted
in finding a non-zero interaction at the 99% confidence level.

In [220], the authors again tested the same interacting scenario, but
with yet another combination of datasets: Planck 2015 with the KiDS
weak lensing survey [223] and the 2016 Hubble Space Telescope meas-
urement of H0 [224]. In this work, the authors found compelling
statistical evidence for an interaction and were also able to simultan-
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eously relax the H0 and σ8 tensions. This again indicates the strong
effects that different datasets can have and demonstrates the need
for awareness of possible systematics when choosing and combining
datasets. In particular, when using weak lensing data, it important
to make a conservative cut of the non-linear scales in these datasets,
unless the non-linear theory for perturbations is known.

Finally, we would like to address some differences between the results
presented in this chapter and that done by [135]. In [135], it was found
that a late-time interaction in a single low redshift bin of z ≤ 0.9 was
favoured over the null interaction case, with ΛCDM being excluded
at 99% confidence level. As described in subsection 3.5.2, we replic-
ated this case, Cfix with ztrans = 0.9, albeit using more up-to-date
datasets (the Planck 2015 likelihood and newer BAO, RSD and Type
Ia supernovæ data), as well as a broader prior on the parameter qV

that includes positive values, but found no significant deviation from
ΛCDM at all.

Similarly, when replicating the four bin case, also analysed by [135],
we found no significant deviation from ΛCDM at low redshift, in con-
trast to the 95% confidence level difference reported in that work. We
can possibly attribute this to the simple lack of evidence for an inter-
action in the newer observational datasets used in the work presen-
ted in this chapter. Our finding that the null interaction scenario (i.e.
ΛCDM) is always well within the 95% confidence region for qV is in
agreement with the recent work by [225].

3.8 summary

In this chapter, we have considered the possibility of an interaction in
the dark sector, represented as a pure energy exchange between va-
cuum and cold dark matter. We have investigated constraints on this
scenario, by making a simple binned parameterisation of the coupling
function in redshift, using the latest cosmological datasets to place
constraints on the coupling in each bin.

We investigated a number of different cases under the umbrella scen-
ario of the interacting vacuum, namely the cases with a single bin and
either a fixed or varying transition redshift (Cfix and Cvar); a case in
which the vacuum energy is zero at early times, only growing after
the interaction switches on, and lastly, in a model-independent way,
a four bin case to replicate the work of [135].
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In all the cases we studied, we found that the ΛCDM case, corres-
ponding to no interaction in our scenario, is always well within the
95% confidence regions of our parameter estimation. At the same
time the interacting scenario remains a viable alternative to ΛCDM,
and only future data will be able to settle the case. We also note that
our analysis is restricted to linear scales, while it is entirely possible
that in extending the interacting vacuum scenario to non-linear scales
more stringent constraints will be found, cf. [226]. Our findings are
in contrast to a number of recent works mentioned in the previous
section, but we have described the differences in our approach and
contest that these are sufficient to explain the different results.

In the next chapter, we continue our analysis of the interacting va-
cuum scenario, increasing the number of bins used for the coupling
function, thus allowing us to improve the reconstruction of the inter-
action as a function of redshift.





4
R E C O N S T R U C T I N G T H E I N T E R A C T I O N

Simplicity does not precede complexity, but follows it.
alan perlis

In this chapter, we perform a reconstruction of the coupling function
between vacuum energy and geodesic cold dark matter using the
latest observational data. We bin the interaction in seventeen redshift
bins but use a correlation prior to prevent rapid, unphysical oscilla-
tions in the coupling function. This prior also serves to eliminate any
dependence of the reconstruction on the binning method. We use two
different forms of the correlation prior, finding that both give similar
results for the reconstruction of the dark matter – dark energy interac-
tion. Calculating the Bayes factor for each case, we find no meaningful
evidence for deviation from the null interacting case, i.e. ΛCDM, in
our reconstruction. This chapter is based on [2].

4.1 introduction

In the previous chapter, we investigated whether a simple form of
an interaction between cold dark matter and the vacuum could re-
lieve the tensions present in ΛCDM, testing the interaction acting
in a single redshift bin and reconstructing the interaction using four
redshift bins. We found that, while the interacting scenario does not
manage to relieve cosmological tensions, it is not ruled out by current
observational data.

In this chapter, we continue that investigation by increasing the num-
ber of redshift bins used in our reconstruction, thereby increasing the
redshift range that the interaction acts over and ensuring a model-
independent reconstruction. We also use the up-to-date Planck 2018

likelihood [61], instead of the 2015 likelihood used in the previous
chapter. We study the constraining power of a theoretical prior acting
across the bins and reconstruct the final interaction function. We then
perform a Principal Component Analysis and calculate the Bayesian
evidence for each case studied.

95
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Parameter Prior

Ωbh2 [0.005, 0.1]

Ωch2 [0.001, 0.99]

H0 [50, 100]

log 1010As [2.0, 4.0]

ns [0.8, 1.2]

qi [−6.0, 3.0]

Table 7: Prior ranges of the parameters sampled in our analysis.

4.2 method

In this section, we describe the numerical codes used and the modific-
ations made to those codes, as well as the theoretical priors and data
considered in our analysis.

4.2.1 Modifying CAMB and CosmoMC

The first step in our analysis is to constrain the coupling strength
q(a) with cosmological data. To this end we make use of modified
versions of the CAMB [150, 151] and CosmoMC codes [162, 163]. We bin
the interaction function q(a) in terms of the cosmic scale factor, with
qi being the constant parameter value within the ith bin.

We choose to extend our previous four bin analysis presented in
Chapter 3 to seventeen bins, with i = 1, ..., 17; sixteen that are uni-
form in scale factor from a = 1.0 to a = 0.14, plus a single large
bin that extends to a ≈ 0.0001. We use CosmoMC to produce MCMC
samples from the posterior distribution of the interaction parameter
in each bin, plus the baryon and cold dark matter densities Ωbh2 and
Ωch2, the amplitude of the primordial power spectrum and the spec-
tral index As and ns, and the value of the Hubble parameter today,
H0. We use flat priors on these parameters, with the ranges specified
in Table 7.

4.2.2 Correlation prior

Although we have no theoretically motivated model for the behaviour
of the coupling as a function of scale factor (or, equivalently, time) we
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do have one theoretical prejudice: we do not expect the coupling func-
tion to oscillate rapidly, as we consider very fast changes of sign in
the coupling function to be unphysical. We therefore take the step of
including a theoretical prior on the coupling parameter that actively
suppresses high frequency oscillations, thereby allowing the low fre-
quency modes that are potentially present in the data to dominate.

The theoretical prior takes the form of a scale-factor-dependent cor-
relation between the values of the coupling function in each bin. Val-
ues of the function in neighbouring bins are correlated, with the cor-
relation growing weaker for bins of greater separation. This correla-
tion prior was first proposed in [227] and the method has been sub-
sequently used in the reconstruction of the dark energy equation of
state function w(z) by [228, 190, 229]. The correlation prior method
was also used by [230] to reconstruct the vacuum energy–cold dark
matter interaction at low redshifts only, up to z = 1.5.

The correlation prior has further benefits in addition to suppress-
ing high frequency oscillations. It tends to improve the convergence
speed of MCMC chains, as the correlation can help to constrain the
coupling parameter in bins where the data is sparse. Reconstruction
bias, i.e. the dependence of results on the binning strategy chosen
is also controlled by the prior, provided that the number of bins is
sufficiently large, as we will describe below.

Following [227], we assume a correlation function that describes fluc-
tuations around some fiducial model,

ξ(|a− a′|) ≡ 〈[q(a)− q̄(a)][q(a′)− q̄(a′)]〉, (155)

and given a functional form for ξ, the corresponding covariance mat-
rix can be found:

Cij =
1

∆2

∫ ai+∆

ai

da
∫ aj+∆

aj

da′ξ(|a− a′|), (156)

where ∆ is the bin width, q̄ is the fiducial model and a is the cosmic
scale factor. The fiducial model can be set to ΛCDM (i.e. q̄(ai) = 0),
but this may introduce an unwanted bias in favour of this model into
our results, so for comparison we consider a case in which the fiducial
model for each bin is calculated as the mean of that bin with its two
neighbouring bins. We refer to these cases as fixed fiducial and mean
fiducial respectively.

We use the Crittenden–Pogosian–Zhao (CPZ) form for the correlation
function, as proposed in [227],

ξ(|a− a′|) = ξ(0)/[1 + (|a− a′|/ac)
2], (157)
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where ac is the correlation length.

The CPZ form implicitly assumes independence from translations
in scale factor, which is good since we do not believe a priori that
there is a preferred epoch for variations from the fiducial model. This
choice of correlation function form is further motivated by the fact
that in [228], three different forms of correlation function, including
the CPZ, were used to reconstruct the dark energy equation of state.
It was found that when looking at the eigenvalues of the different cor-
relation priors, the CPZ form resulted in the most constrained high
frequency modes. This makes the CPZ form, the simplest of those pre-
viously studied, a good choice. We will discuss the prior eigenvalues
and vectors in our case in more detail in subsection 4.3.3.

As previously stated, we want to ensure that our results are inde-
pendent of the number of bins used. To ensure that we eliminate this
potential reconstruction bias, we require that

N > Neff, (158)

where N is the number of bins, and

Neff = (amax − amin)/ac. (159)

The parameters amax and amin are the limits of the scale factor range
used in our analysis, a = 1.0 and a = 0.0001. Following the previous
results of [183, 191], we choose ac = 0.06. This means that Neff = 16.7.
Therefore, to ensure that N > Neff, we choose N = 17.

The strength of the prior is determined by ξ(0), but following
[183], we use the variance of the mean instead, defined as σ2

q ≈
πξ(0)ac/(amax − amin). We set σq = 0.6. We found that this choice
is sufficient for the prior to provide some constraining power, but not
so much that it completely dominates over the constraints from data
in each bin. We discuss this point further in subsection 4.3.3.

4.2.3 Observational data

The data used in this chapter is a combination of the Planck 2018

measurements of the CMB temperature and polarisation [61], the
BAO measurements from the 6dF Galaxy Survey [96] and the com-
bined BAO and redshift space distortion (RSD) data from the SDSS
DR12 consensus release [63], together with the Pantheon Type Ia su-
pernovæ sample [49].
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We note that some works in the literature that find a resolution to
the H0 tension in an interacting dark energy scenario do so by omit-
ting the BAO data from their analyses (see e.g. [231]). This is be-
cause, without using BAO, the high redshift constraint on H0 be-
comes weaker, and a late time solution to the tension is possible. If
BAO are used in combination with supernovæ catalogues then late
time solutions become disfavoured, and interacting dark energy mod-
els will therefore struggle to resolve the tension (see e.g. [232, 41]).
However, this reasoning does not justify the exclusion of these data-
sets from model constraining analysis and we therefore make a point
of including multiple BAO measurements in this work.

As previously mentioned, due to the coupling between the vacuum
and cold dark matter in this scenario, RSD do not directly constrain
the growth factor f as they do in ΛCDM [41, 193]. Instead, the RSD
constrain what we denote as the interaction growth factor, fi,

fi = f − Q
Hρc

, (160)

where f is the usual growth factor for cold dark matter,

f =
d ln D
d ln a

, (161)

with D being the amplitude of the linear growing mode.

4.3 results and discussion

In this section, we describe and discuss the main results of our invest-
igation, beginning with the results of the MCMC analysis, then mov-
ing to the reconstruction of the coupling function, the Principal Com-
ponent Analysis performed and finally the findings of our Bayesian
evidence calculation.

4.3.1 MCMC parameter inference

In Figure 18 we plot the 1D marginalised posteriors for the interac-
tion parameter qi in each of the seventeen bins, where i = 1 denotes
the bin starting at z = 0, up to i = 17 for the wide bin at high red-
shift. The posterior distributions for qi are generally broader in the
mean fiducial case compared to the fixed fiducial case. This is to be
expected, as the mean fiducial case essentially has one additional free
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Figure 18: The 1D marginalised posteriors of the interaction parameter in
each bin. In each panel we report the best fit value of the inter-
action parameters and their 68% confidence level bounds for the
fixed fiducial (red) and mean fiducial (blue) case.
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parameter with respect to the fixed fiducial, this being q̄, the fiducial
value for the correlation prior.

We find that the null interacting case (q = 0), coinciding with the
ΛCDM limit of the model, is always within 1σ of the achieved con-
straints. However, the bounds found on the interaction parameter in
every bin means the interacting scenario is still viable. It is clear from
an Ockham’s razor standpoint that the ΛCDM scenario should be
favoured over both the interacting cases. We quantify this statement
using the Bayes factor in subsection 4.3.4.

Table 8 shows the marginalised values of the standard cosmological
parameters sampled in our MCMC analysis, while in Figure 19 we
show the 2D marginalised joint distributions for the cosmological
parameters H0, Ωm (the total matter density parameter) and σ8. To
preserve the readability of the plot, we choose to only show the res-
ults of the mean fiducial case in this figure. As can be inferred from
Figure 18, the constraints on the cosmological parameters in the fixed
fiducial case are almost identical to those in the mean fiducial case.
In both cases we found the value of H0 to be completely consist-
ent with the Planck 2018 ΛCDM value of 67.4± 0.5 kms−1Mpc−1[61].
The value of σ8 given by Planck is 0.81± 0.006, which is comfortably
within 1σ of the values for σ8 we find in both interacting cases.

As discussed in Chapter 1, the tensions in the values of H0 and σ8 are
commonly used as motivations for alternative models of dark energy.
However, as we also found in the previous chapter, the interacting
vacuum fails to resolve the tensions when using the particular data-
sets chosen here. This can clearly be seen in the top panel of Figure
19, where the constraint on H0 in the interacting scenario is shown
in conjunction with both the Planck and local measurements. As we
mentioned in subsection 4.2.3, for the case of the H0 tension in partic-
ular, this is attributable to the fact that by including BAO and Type
Ia supernovæ in the same analysis the tension is shifted to a discrep-
ancy in the sound horizon scale that cannot be resolved with a late
time solution [233, 234, 15].

The situation is slightly less clear with respect to the σ8 tension. In
ΛCDM, the tension appears between CMB measurements coming
from Planck and large scale structure constraints on growth such as
those from the Dark Energy Survey (DES) [235]. This mild tension
can be seen in the bottom panel of Figure 19, with the ΛCDM con-
straints plotted in black, the filled contour corresponding to Planck
and the open contour to DES. The DES constraint in the interacting
scenario is plotted in the open blue contour – again, in the interests
of legibility we only show the mean fiducial case.
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Parameter Fixed fiducial Mean fiducial

Ωbh2 0.022± 0.00015 0.022± 0.00013

Ωch2 0.11± 0.025 0.11± 0.030

log 1010As 3.05± 0.0058 3.05± 0.0064

ns 0.97± 0.0040 0.97± 0.0048

H0 68.22± 0.74 68.15± 0.80

σ8 0.91± 0.18 0.91± 0.22

Table 8: Marginalised values of the cosmological parameters and their 68%
confidence level bounds.

From this plot, we can see that the tension is relaxed in the interacting
case, but only due to the increased size of the contours, which in turn
is due to the additional free parameters in the interacting model with
respect to ΛCDM. This should not be regarded as a true relaxation
of the tension. Note that for the DES constraints presented here we
implemented an aggressive cut of the non-linear scales in the data.
Since we have no understanding of the non-linear regime in the inter-
acting scenario we should not use this part of the data to obtain our
constraints.

4.3.2 Reconstructing the coupling function

With the results of our MCMC analysis, we can reconstruct the coup-
ling as a function of redshift. We show the results of using two dif-
ferent methods for the reconstruction: a simple cubic spline interpol-
ation and a Gaussian process.

A Gaussian process is defined as a collection of random variables,
any finite number of which have a joint Gaussian distribution [236].
It is completely specified by its mean and its covariance. In practice,
the random variables represent the value of a given function f (x) at
a location x. There are a wide range of choices for the covariance
function, or kernel, that is used to relate the function values at each
point. In this work, we choose to use one of the simplest, the squared
exponential kernel, given by

k(x, x̃) = σ2 exp
(
− (x− x̃)2

2`2

)
. (162)

The hyperparameters ` and σ that appear in this kernel correspond to
the approximate length scale over which the function varies, and the
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Figure 19: 68% and 95% confidence levels in the H0 – Ωm plane (top panel)
and Ωm – σ8 plane (bottom panel) for the mean fiducial case. The
grey bands in the top panel denote the 68% and 95% confidence
levels of the Riess et al. local measurement of H0 = 73.45± 1.66
kms−1Mpc−1 [211].
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variance of the function at each point respectively. We optimise these
by maximising the log-likelihood of the functions they produce.

In summary, the Gaussian process takes some given training data and
constructs the best possible function that describes that data, given
the kernel imposed. The training data passed to the Gaussian pro-
cess in our case are the mean posterior values of the coupling para-
meter in each bin along with the corresponding 1σ errors given by
our MCMC analysis, thereby allowing us to reconstruct the coupling
function q(z).

There are many packages and codes available to perform Gaussian
process regression. In this work, we use the Gaussian process re-
gressor available in the Python library george1 [237].

The results of our reconstructions for the cubic spline and the Gaus-
sian process are shown in Figure 20 and Figure 21 respectively. It is
clear to see that the Gaussian process results in a smoother q(z) func-
tion, but that the high redshift part of the reconstruction is biased
towards the ΛCDM value of q = 0, due to the baseline that the Gaus-
sian process is fixed to return to in the absence of information.

This is particularly obvious in the mean fiducial case, where the val-
ues of q themselves are very negative but the combination of the
Gaussian process baseline and the large 1σ errors on q result in the
reconstruction returning to zero. This is a problem that the cubic
spline does not suffer from, hence the indication of a trend away from
ΛCDM at high redshift in the mean fiducial case.

The most interesting features of the reconstruction are the points
where q(z) appears to peak or trough, for example, the peak at
around z = 1, which is clear in both the spline and Gaussian process,
or the trough at around z = 3, more obvious in the Gaussian process
reconstruction. A promising line of enquiry would be to focus on
the behaviour of the interaction at these points by using additional
datasets in the analysis, but as z = 3 is beyond the upper limit of
the commonly used low-redshift probes, such as Type Ia supernovæ,
exploring the interaction in detail at this epoch may be more difficult.

A potential future constraint may come from the weak lensing of the
Lyman-α forest in the spectra of high-redshift quasars, which probes
the matter distribution at redshifts of 2 to 3.5 [238]. Furthermore, the
Square Kilometre Array is predicted to be able to probe redshifts of
between 3 and 25 using 21cm intensity mapping [239, 240]. Both of
these new techniques could therefore be used to constrain any inter-

1 https://github.com/dfm/george

https://github.com/dfm/george
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Figure 20: The results of the cubic spline reconstruction of the coupling func-
tion q(z). Red and blue lines and areas refer to the fixed fiducial
and mean fiducial cases respectively, and the shaded areas denote
the 1σ confidence interval.

acting dark energy model which affects large scale structure growth
or has other high redshift effects.

4.3.3 Principal component analysis

In this chapter, we have aimed to be agnostic when it comes to the
reconstruction of the interaction function and so used a larger num-
ber of bins than in Chapter 3, i.e. the minimum number to satisfy
the criterion given by equation (158). However, it is also possible to
investigate how many modes in the result are informed by the obser-
vational data used and whether any are informed by the prior alone,
and thus understand how many effective additional degrees of free-
dom our reconstruction has [241]. To do this, we perform a principal
component analysis.

Principal component analysis can be thought of as finding the direc-
tions in the data that carry the most information. It also acts to decor-
relate the errors on the interaction parameter in each bin. In practice,
this involves computing the eigenvalues and eigenvectors of the in-
verse covariance matrix, or information matrix, of the data. In our
case, the covariance matrix is one of the products obtained after run-
ning GetDist2 [242] on our MCMC chains. We perform the principal
component analysis on the information matrix for the qi alone, after
marginalising over the other cosmological and nuisance parameters.

2 https://github.com/cmbant/getdist

https://github.com/cmbant/getdist
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Figure 21: The results of the Gaussian process reconstruction of the coupling
function q(z). Red and blue lines and areas refer to the fixed fi-
ducial and mean fiducial cases respectively, and the shaded areas
denote the 1σ confidence interval.

The information matrix is given by

F = WTΛW, (163)

where W is the decorrelation matrix and its rows define the eigen-
vectors; Λ is a diagonal matrix whose elements are the eigenvalues
λi. The eigenvalues correspond to the amount of variance carried in
each principal component and therefore determine how well qi can
be measured, i.e. σ(qi) = λ−1/2

i .

After finding the eigenvalues and eigenvectors of the covariance mat-
rix, the eigenvectors are sorted according to decreasing value of their
corresponding eigenvalues. The first eigenvector after this sort is per-
formed corresponds to the first principal component, the second ei-
genvector corresponds to the second principal component and so on,
until the Nth eigenvector for the Nth principal component is found
(where the covariance matrix is N × N).

We show the results of our principal component analysis in Figure
22 and Figure 23. From these plots we can see that in the fixed fi-
ducial case around 15% of the total variance is in the first principal
component, we reach around 50% with four principal components
and 90% with 10. These results indicate that it would be unwise to re-
duce the effective degrees of freedom by discarding some of the prin-
cipal components, as even the higher components contain a signific-
ant amount of information (above PC10 the remaining seven compon-
ents together still contain approximately 11% of the variance). This is
less true in the case of the mean fiducial, in which around 25% of
the total variance is contained in the first principal component, rising
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to nearly 50% with just two principal components and reaching 90%
with seven. The final four principal components together contain just
1% of the variance.

To investigate whether the correlation prior dominates over the data,
we also ran an MCMC chain without any data, using the prior alone
to constrain the interaction. This prior alone case used q̄ = 0, as in the
case of the fixed fiducial. We plot the eigenvalues of the fixed fiducial
case and the prior alone case as a function of principal component
number in Figure 24. This plot shows that the data permeates all the
modes, meaning that the prior does not completely dominate over
the data at any point and thus the selected prior strength was indeed
sufficient to help constrain the interaction without washing out the
information coming from the data. Note that we only show the result
for the case of the fixed fiducial prior alone and the fixed fiducial prior
plus data, as the result for the mean fiducial is extremely similar.

If we had found that the data dominated for say, the first three prin-
cipal components and then the prior dominated over the rest, we
would be able to conclude that our analysis effectively only had an
additional three degrees of freedom compared to the ΛCDM case.
However, this does not equate to doing an analysis using only three
bins, as the principal components do not correspond to the bins them-
selves, but to the eigenvectors of the covariance matrix of the inter-
action parameter in each bin. We therefore conclude that the best
strategy for an analysis such as this is to use as many bins as is com-
putationally feasible, with the correlation prior being used to help
constrain bins where data is scarce. The alternative is to increase the
strength of the correlation prior, but this comes with its own pitfalls,
as if the prior is too strong, it will completely wash out any contribu-
tion from the data. A balance can be achieved, but to ensure that the
reconstruction remains independent of the number of bins used, the
correlation length and therefore the prior strength should be determ-
ined by following equations (158) and (159).

4.3.4 Bayesian evidence and χ2

Finally, we want to compare the results for each case in a Bayesian
way, which, as we explained in Chapter 2 means making use of Bayes’
theorem [160]:

P(θ|D, M) =
P(D|θ, M)P(θ|M)

P(D|M)
, (164)
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Figure 22: Percentage variance explained by each principal component in
the fixed fiducial case.
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Figure 23: Percentage variance explained by each principal component in
the mean fiducial case.
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Figure 24: Showing that the data permeates all the modes.

where θ is the parameter vector, D is the data vector and M is the
model. The numerator contains the likelihood and the prior, and the
denominator is the evidence (sometimes known as the marginal like-
lihood). These combine to form the posterior probability distribution
P(θ|D, M), which is the distribution sampled in our MCMC analysis.

As noted by [243] and discussed in Chapter 2, the use of model
selection criteria such as the Bayesian Information Criterion (BIC),
Akaike Information Criterion (AIC) and Deviance Information Cri-
terion (DIC) are not strictly Bayesian as they do not take into account
the prior information. We therefore use the Bayes factor as our model
comparison tool, defined in the following way:

log B12 = log
[

P(D|M1)

P(D|M2)

]
, (165)

= log[P(D|M1)]− log[P(D|M2)], (166)

where D is the data vector, M1 and M2 are the models to be compared,
and P(D|M) is the Bayesian evidence, the normalising factor in Bayes’
theorem.

We calculate the Bayesian evidence from our MCMC chains for both
of the two correlation prior cases studied to determine the support
for each case over ΛCDM. This analysis was performed using the
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Case Bayes factor (log B12) ∆χ2

Fixed fiducial 1.64 -2.5

Mean fiducial -0.52 -2.2

Table 9: The Bayes factor and ∆χ2 for each case.

Bayes factor Interpretation

|log B12| < 1 Not worth more than a bare mention

1 < |log B12| < 2.5 Weak

2.5 < |log B12| < 5 Significant

5 < |log B12| Strong

Table 10: The Jeffreys scale, originally given in [177] and modified in [158].

MCEvidence code as presented in [176]. In each case, we use ΛCDM
as model 1. We summarise our findings in Table 9.

To interpret these values, we make use of the Jeffreys scale, as shown
in Table 10, which we also previously mentioned in Chapter 2. As
pointed out in [158], the qualitative interpretations originally given
by Jeffreys [177] are quite strong in the context of cosmology, where
choosing suitable priors can often be an uncertain process. We there-
fore adopt the interpretations given in [158].

We find that the Bayes factor for the fixed fiducial case is 1.64. Accord-
ing to the Jeffreys scale, this reflects a weak preference for ΛCDM
over the interacting case. The Bayes factor for the mean fiducial case
is −0.52. In our evidence calculation, negative values indicate that
model 2 is preferred over model 1, where model 1 is always ΛCDM.
This result is therefore a slight indication for the mean fiducial case
being favoured over ΛCDM. However, according to the Jeffreys scale,
the very small absolute value of the Bayes factor means this is not
worth more than a bare mention.

The fact that we find stronger evidence in favour of ΛCDM in the case
where the fiducial is fixed as q = 0 could point to a slight bias in the
results caused by the choice of fiducial model. However, the evidence
in favour of the interaction when the fiducial is calculated as the mean
of neighbouring bins is sufficiently small for us to confidently say that
the choice of fiducial model does not drastically alter the result of a
reconstruction.

However, it has been argued that the Bayesian evidence is not a good
model comparison tool when there is uncertainty in the choice of pri-
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ors [244]. We therefore also compute the ∆χ2 for each case, removing
the contribution of the priors to the χ2 so that the values we compare
come from the data only. We find ∆χ2 = −2.5 in the fixed fiducial
case and ∆χ2 = −2.2 in the mean fiducial case, neither of which rep-
resents a significant improvement in fit over ΛCDM.

In summary, it is clear that we cannot conclusively state that ΛCDM is
preferred over the interacting case, but the hints given by the evidence
indicate that an interesting future direction would be to repeat this
type of analysis with the newest datasets as they are released, to see
if there is any strengthening in the evidence for or against ΛCDM. It
is also worthwhile studying what possible improvements on current
constraints can be made by future surveys.

4.4 summary

In this chapter we have reconstructed a dark matter – vacuum energy
interaction, using a correlation prior to control the reconstruction bias.
We implemented two different versions of the prior: a fiducial value
for the prior that is fixed in each bin and a fiducial value that is
computed as the mean of the neighbouring bins.

In our model comparison, we found evidence in favour of ΛCDM
over the fixed fiducial model, but the Bayes factor in that case was
small enough to classify the evidence on the Jeffreys scale as weak. In
contrast, we found evidence for an interaction when comparing the
ΛCDM case to the mean fiducial case, but the Jeffreys scale in that
case classified the evidence as not worth more than a bare mention.

From our work, it is clear that a correlation prior, when effectively
tuned so as not to drown out the constraining power of the data,
can improve the convergence speed of high-dimensionality MCMC
sampling. The prior also eliminates any potential reconstruction bias,
making it a good choice for any form of reconstructive analysis.

In the next chapter, we conclude our analysis of interacting dark en-
ergy models with a study of a particular model which is constructed
to mimic a fluid model of dark energy that obeys a Shan–Chen equa-
tion of state.





5
S H A N – C H E N D A R K E N E R G Y

We have so much time and so little to see.
Wait a minute. Strike that. Reverse it.

gene wilder

In this chapter, we present the first observational constraints placed
on the Shan–Chen dark energy model, cast as an interaction between
the vacuum and cold dark matter. The Shan–Chen dark energy model
is a fluid model of dark energy that behaves according to the Shan–
Chen equation of state.

We firstly discuss the theory of the fluid model before incorporating it
into our interacting vacuum scenario. We then use CAMB and CosmoMC
to place constraints on the interacting vacuum Shan–Chen model and
the cosmological parameters using observational data. We find weak
evidence that this model is favoured over ΛCDM, but that the cosmo-
logical tensions previously discussed are still present in this model.

5.1 introduction

As we have already seen, the validity of the cosmological constant’s
use as the dark energy has long been questioned, and many alternat-
ives have been proposed. In the previous chapter, we aimed at recon-
structing the coupling between the vacuum and cold dark matter in
our familiar geodesic interacting vacuum scenario, employing a cor-
relation prior to ensure that the reconstruction remained independent
of the number of bins used.

This model-independent, “hands-off” approach can be taken one step
further. Mathematicians and physicists alike have long been drawn to
simple, minimalistic theories, motivated by the idea of mathematical
beauty1. More formally, this can be seen as a facet of Ockham’s razor,
which, as we described in Chapter 2, urges us to select the simplest
possible explanation of our observations. Finding a model of dark

1 This is particularly evident in the works of Dirac, to note one influential example
[245].
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energy which arises naturally from pre-existing physics is one way to
satisfy this predisposition for elegant and simple models.

A promising approach along these lines is to consider dark energy
and dark matter as a single cosmological fluid, which behaves ac-
cording to some equation of state. This type of model has a long his-
tory, dating back to the introduction of the Chaplygin gas model in
2001 [246], in which the transition from cold dark matter to dark en-
ergy domination is achieved using a perfect fluid with a non-standard
equation of state,

P = −A
ρ

, (167)

where, as in the standard equation of state we discussed in Chapter
1, P is the pressure of the fluid, ρ is the energy density and A is a
positive constant. From the continuity equation, (5), this equation of
state yields

ρ =

√
A +

B
a6 , (168)

where a is the cosmic scale factor and B is an integration constant.
When B is positive and a is small (i.e. early times), this equation of
state behaves like pressureless matter,

ρ ∼
√

B
a3 , (169)

whereas when a is large,
ρ ∼
√

A, (170)

it is akin to late time domination of a cosmological constant, here
represented by

√
A.

The Chaplygin gas model was subsequently expanded in the general-
ised Chaplygin gas model [247], where the equation of state (167) was
modified to

P = − A
ρα

, (171)

where 0 < α ≤ 1 allows the fluid described by (171) to interpolate
between pressureless dust and a cosmological constant, as in the ori-
ginal Chaplygin gas model, but also allows for an intermediate stage
of “soft” matter2, described by

P = αρ. (172)

2 The word “soft” here refers to the behaviour of the equation of state. Broadly speak-
ing, a “stiff” or “hard” equation of state is one in which the pressure increases
rapidly for a given density, e.g. for an equation of state given by P ∝ ρα, α is large.
Conversely, a “soft” equation of state describes easily compressible matter, in which
the pressure does not greatly increase with density (in this example, α is small).
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This situation results in a density contrast that is more similar to the
ΛCDM case than the original Chaplygin gas model where α = 1 [247,
248]. Further constraints were placed on this model using the CMB
[249] and Type Ia supernovæ [250, 251].

However, serious objections to the generalised Chaplygin gas model
were raised when it was found that unified models3 of this type result
in oscillations or an exponential blow-up in the matter power spec-
trum, thus ruling out the vast majority of the viable Chaplygin gas
model space [252].

To counter this, further models in which dark matter transitions to
dark energy via a condensation mechanism have been proposed and
studied [253, 254]. Interest in unified models as a possible solution to
various problems in cosmology, such as the H0 and σ8 tensions and
the coincidence problem, remains high – see, for example, [201, 255,
256, 202, 257, 258, 259, 260].

In this chapter, we consider a cosmological fluid with a Shan–Chen
equation of state, albeit as a pure dark energy rather than a unified
dark energy–dark matter fluid. This equation of state was first pro-
posed by Shan and Chen in the context of lattice kinetic theory [261].
A fluid with this equation of state behaves as an ideal gas in the low
and high density regimes, but has a liquid–gas coexistence curve (i.e.
a region of temperature and pressure in which the fluid can be in
both the liquid and gas state). Such an equation of state means that
a phase transition can easily arise. Casting this into the language of
cosmology, this means that the fluid can naturally model the evolu-
tion of the dark energy fluid, and the transition from matter to dark
energy domination, without the need for a cosmological constant.

This model was successfully applied to the cosmological context in
[262], with the result that a dark energy fluid with a Shan–Chen
equation of state naturally evolves towards a Universe with a late
time accelerating expansion without the presence of a cosmological
constant. In that work, modifications made to the background by the
Shan–Chen model were considered, and quantities such as the dis-
tance modulus in the Shan–Chen model were compared to Type Ia
supernova data.

In this chapter, we build on the work presented in [262] and [263].
We firstly discuss various aspects of the behaviour of the Shan–Chen

3 Note that these so-called unified models are distinct from interacting dark energy
models. Unified models seek to replicate the behaviour of both dark matter and
dark energy using a single entity or fluid, whereas interacting models consider dark
energy and dark matter to be separate but coupled components.
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dark energy fluid model, before proceeding to our main analysis of
the Shan–Chen model recast as a coupling between the vacuum and
cold dark matter, in keeping with the models we have already studied
in Chapters 3 and 4.

We implement both the background and the linear perturbations in
this model in CAMB and CosmoMC and obtain constraints on the cos-
mological parameters in the Shan–Chen model using a full combin-
ation of cosmic microwave background, baryon acoustic oscillation
and Type Ia supernova data before performing a model comparison
and demonstrating the potential (albeit unfulfilled) that this type of
model has to relax the H0 tension.

5.2 theory

In this section, we give details on both the Shan–Chen model in the
context of a dark energy fluid, and then in the context of our more
familiar interacting vacuum scenario.

5.2.1 The Shan–Chen dark energy fluid

In the Shan–Chen model of dark energy introduced by [262], the
matter–energy content of the Universe is assumed to be a perfect
fluid which obeys a Shan–Chen equation of state [261],

P = wρcrit,0

[
ρ

ρcrit,0
+

g
2

ψ2
]

, (173)

where

ψ = 1− e
−α

ρ
ρcrit,0 , (174)

and ρcrit,0 =
3H2

0
8π is the critical density at redshift zero (H0 being the

value of the Hubble parameter at that redshift) and w, g and α are
free (dimensionless) parameters of the model.

To better understand the qualitative behaviour of this equation of
state, we can obtain a dimensionless effective equation of state from
(173),

weff =
P
ρ
= w +

wg
2

ρcrit,0

ρ

(
1− e

−α
ρ

ρcrit,0

)2

, (175)
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and, defining x = ρ
ρcrit,0

, write

weff = w +
wg
2x
(
1− e−αx)2 . (176)

In Figures 25, 26 and 27, we plot the behaviour of the effective equa-
tion of state (176) for various different values of w, g and α respect-
ively4, keeping the other parameters fixed to the values quoted as
best fits in [262]: g = −8.0, α = 2.7 and w = 1/3. The orange curve in
Figure 25 therefore represents the main case studied in [262].

In general, we can see from these figures that the choice of paramet-
ers in the Shan–Chen fluid model has a large effect on whether the
resulting equation of state has an accelerating regime. In each figure,
the point at which acceleration begins, weff < −1/3, is indicated by a
dashed grey line.

In Figure 25, we can see that a negative w is never accelerating when
g < 0, so this case is unsuitable for use as a dark energy model.
When w > 0, we have a transition from the high energy regime at
early times, i.e. x > 1, in which weff behaves as a constant, to the low
energy regime at late times, i.e. x < 1. Depending on the value of
w, the transition can cross into the phantom regime, i.e. weff < −1,
indicated on the plot by a dot-dashed grey line.

Similarly, in Figure 26, we can see that the parameter g needs to be
negative (in conjunction with a positive w) and at least g = −3.0 to
reach the accelerating regime. Finally, in Figure 27, we can see that the
best fit value of α found by [262], α = −2.7, reaches the accelerating
regime and very briefly crosses into the phantom regime (again, in
conjunction with a positive w).

We conclude our discussion of the Shan–Chen dark energy fluid here.
It is clear that this model provides many interesting possibilities for
future study, but for the rest of this chapter we will analyse the Shan–
Chen model in the context of the interacting vacuum, in alignment
with the other studies of interacting dark energy presented in this
thesis.

5.2.2 The Shan–Chen interacting vacuum

We now recast the Shan–Chen model as a parameterisation of the
coupling Q between the vacuum and cold dark matter, thus intro-

4 The Python script used to create these plots was based on code provided by [264].
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Figure 25: The behaviour of the effective equation of state for different val-
ues of w; in blue, w = −0.3, in orange, w = 0.3 and in green,
w = 0.6. The other parameters are fixed to g = −8.0 and
α = 2.7. The dashed grey line indicates the transition to accel-
eration (weff < −1/3), while the dot-dashed grey line indicates
the transition to the phantom regime (weff < −1).
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Figure 26: The behaviour of the effective equation of state for different val-
ues of g; in blue, g = −1.0, in orange, g = −3.0, in green,
g = −4.0 and in red, g = −10.0. The other parameters are fixed
to α = 2.7 and w = 1/3. The dashed grey line indicates the trans-
ition to acceleration (weff < −1/3), while the dot-dashed grey
line indicates the transition to the phantom regime (weff < −1).
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Figure 27: The behaviour of the effective equation of state for different val-
ues of α; in blue, α = 4.0, in orange, α = 2.7 and in green,
α = 1.0. The other parameters are fixed to g = −8.0 and
w = 1/3. The dashed grey line indicates the transition to acceler-
ation (weff < −1/3), while the dot-dashed grey line indicates the
transition to the phantom regime (weff < −1).
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ducing the Shan–Chen interacting vacuum model. We can write the
equation of state a little more generally as

P = wρ +
wg
2

ρ∗
(

1− e−α
ρ

ρ∗
)2

, (177)

where ρ∗ is characteristic energy density scale. We will discuss choices
for this scale below.

We maintain the same covariant theory for the general interacting va-
cuum model as previously described in Chapter 3, recalling that in
a spatially flat Friedmann–Lemaître–Robertson–Walker (FLRW) back-
ground, the conservation of energy is given by

ρ̇ = −3H(ρ + P) (178)

and we can substitute P from (177), and use our interacting vacuum
notation in which V ≡ ρ to find

V̇ = Q = −3Hq
[
(1 + β)V +

βg
2

ρ∗
(

1− e−α V
ρ∗
)2
]

, (179)

where we have also introduced the dimensionless parameter q which
controls the overall strength of the interaction.

To avoid confusion, we have also renamed the parameter w as β, as
we are now considering an interacting model rather than a dark en-
ergy fluid with a specific equation of state. We therefore remove the
traditional equation of state parameter w from our notation and treat
(179) as a coupling between the vacuum and cold dark matter.

However, as in the case of the Shan–Chen fluid, we can formally
define an effective equation of state for the interacting case, so that we
may better understand the behaviour of the vacuum energy density
V with this interaction,

wint = q(1 + β) +
qβg
2x

(
1− e−αx)2 − 1. (180)

In Figure 28, we show the behaviour of (180) for two example values
of the interaction strength q, keeping the values of the other paramet-
ers fixed to the best fit values shown in [262]. From this plot, we can
see how the sign of q can affect whether the effective equation of state
approaches the phantom limit from above or below. It is also clear
that wint is around −1 today, meaning that the vacuum energy dens-
ity V is approximately constant. It is important to note here that this
plot is obtained directly from the dimensionless effective equation of
state (180) in order to show the general qualitative behaviour of the
model. The full model, including the effects of the perturbations, are
not taken into account in this plot.
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Figure 28: The behaviour of the effective equation of state for the interacting
case for two different values of q; in blue, q = −0.1 and in red,
q = 0.1. The dot-dashed grey line indicates the transition to the
phantom regime (wint < −1).

5.2.3 Choice of parameters

We have a number of additional free parameters in the Shan–Chen
interacting vacuum model with respect to ΛCDM: q, α, g, β and ρ∗.
In order to simplify our analysis, we fix the values of some of these
parameters. Specifically, we fix the characteristic energy scale to the
value of the critical density today, i.e. ρ∗ = ρcrit,0, as we are interested
in the effect that the interaction may have at late times. Another choice
for this energy scale could be, for example, the value of the matter
density at matter–radiation equality, as this could result in an early
dark energy-type behaviour (see [127] for an example of a successful
early dark energy model).

We fix the saturation scale equal to one, i.e. α = 1. In the course of
our analysis, we explored some other choices for α but found that
they had a negligible effect on the resulting constraints from data.
For the same reason, we fix g = −8.0, as this was the best fit value
found by [262].

This leaves us with β and the overall strength of the coupling, q. In
the case of β, we firstly explore fixing it to a specific value, 0.3, before
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sampling it as a free parameter. We do the same with q, fixing it to 0.1
and −0.1 before sampling over it. Overall, this means the final form
of the interaction that we consider is given by

Q = −3Hq

[
(1 + β)V − 4βρcrit,0

(
1− e

− V
ρcrit,0

)2
]

. (181)

To demonstrate that the general effect is still that of an interacting
vacuum, we plot the CMB temperature–temperature power spectrum
and matter power spectrum for different values of q, with β fixed
in Figure 29 and for different values of β, with q fixed in Figure 30.
For the purposes of these plots, we keep the cosmological parameters
fixed to the Planck 2018 best fits.

As expected, the presence of a coupling between the vacuum and
cold dark matter acts to boost or suppress the peaks of the power
spectrum, similar to the effect we have already seen in Chapter 3.
When q is fixed, and different values of β chosen, there is a similar
effect, although as we only show positive values of β, we only see
a boost to the CMB peaks and a suppression in the matter power
spectrum.

5.2.4 Method and data

In order to constrain the parameters of the Shan–Chen interacting va-
cuum model along with the cosmological parameters, we modify the
publicly available Boltzmann code CAMB and its associated MCMC
sampler CosmoMC. Using CosmoMC, we sample the posterior distribu-
tions of the baryon and cold dark matter densities Ωbh2 and Ωch2,
the amplitude of the primordial power spectrum and the spectral in-
dex As and ns, the value of the Hubble parameter today, H0, as well
as the Shan–Chen parameters q and β. We list the priors we impose
on the parameters in Table 11.

We use the Planck 2018 measurements of the CMB temperature and
polarisation [61] together with the BAO measurements from the 6dF
Galaxy Survey [96], the SDSS Main Galaxy Sample [97] and the SDSS
DR12 consensus catalogue [63] and the Pantheon catalogue of Type
Ia supernovæ [49].
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Figure 29: Top panel: CMB temperature–temperature power spectrum for
different values of q. Bottom panel: matter power spectrum at
z = 0 for different values of q. In all of these cases, β = 0.3.
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Figure 30: Top panel: CMB temperature–temperature power spectrum for
different values of β. Bottom panel: matter power spectrum at
z = 0 for different values of β. In all of these cases, q = −0.1.
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Parameter Prior

Ωbh2 [0.005, 0.1]

Ωch2 [0.001, 0.99]

log 1010As [2.0, 4.0]

ns [0.8, 1.2]

H0 [50, 100]

q [−0.25, 0.25]

β [0.0, 1.0]

Table 11: Prior ranges of the parameters sampled in our analysis.

5.3 results and discussion

In Figures 31 and 32, we firstly show the effect that different fixed
values of the coupling strength q has on the constraints on the cosmo-
logical parameters of interest, i.e. H0, Ωm and σ8, as well as the effect
that different combinations of datasets can have on the constraints.
In Figure 31, we show the parameter constraints obtained with the
combination of CMB plus BAO data and Figure 32 we show the same
parameter constraints but with the addition of the Pantheon super-
nova catalogue.

In Figure 31, i.e. CMB plus BAO, we see that when q is sampled
over (yellow contours), it reveals degeneracies between the three cos-
mological parameters. When q is fixed to specific values (0.1, red con-
tours; −0.1, blue contours; and 0 i.e. the ΛCDM limit, black contours),
the constraints on the cosmological parameters are limited to moving
along these lines of degeneracy. We can also see from this plot that
negative values of q result in a higher value of H0 being obtained from
the CMB and BAO data than in ΛCDM, thus demonstrating how this
type of interacting dark energy model can be invoked to relax the
tension in that parameter.

However, in the same case (q = −0.1), we can see from the figure
that, due to the direction of the degeneracy, this value of q results
in a higher value of σ8 also being obtained from the CMB plus BAO
data. This has the effect of worsening the tension in σ8. In all of the
sub-cases shown here, β is fixed to 0.3.

Parameter Case Value

Ia 0.02244± 0.00013

Ib 0.02249± 0.00013
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Ωbh2 Ic 0.02237± 0.00013

Id 0.02240± 0.00014

IIa 0.02235± 0.00013

IIb 0.02237± 0.00013

III 0.02240± 0.00013

Ia 0.119± 0.0010

Ib 0.132± 0.0010

Ωch2 Ic 0.105± 0.0012

Id 0.112± 0.0091

IIa 0.102± 0.0013

IIb 0.104± 0.0033

III 0.0111± 0.0079

Ia 3.050± 0.005

Ib 3.040± 0.006

log 1010As Ic 3.052± 0.006

Id 3.051± 0.006

IIa 3.052± 0.006

IIb 3.051± 0.006

III 3.052± 0.006

Ia 0.9667± 0.0035

Ib 0.9694± 0.0037

ns Ic 0.9655± 0.0036

Id 0.9663± 0.0037

IIa 0.9649± 0.0036

IIb 0.9654± 0.0036

III 0.9658± 0.0038

Ia 67.8± 0.4

Ib 66.8± 0.4

H0 Ic 68.7± 0.4

Id 68.2± 0.7

IIa 68.9± 0.4

IIb 68.8± 0.5

III 68.2± 0.7

Ia 0.8110± 0.0044

Ib 0.7397± 0.0055

σ8 Ic 0.9037± 0.0030
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Id 0.8602± 0.064

IIa 0.9309± 0.0029

IIb 0.9117± 0.023

III 0.8664± 0.054

Ia 0.00

Ib 0.1

q Ic −0.1

Id −0.05± 0.06

IIa −0.1

IIb −0.1

III −0.06± 0.06

Ia 0.3

Ib 0.3

β Ic 0.3

Id 0.3

IIa 0.6

IIb 0.43± 0.28

III 0.39± 0.328

Table 12: Marginalised values of the parameters and their 1σ confidence lim-
its.

5.3.1 Case I: different values of q

In Figure 32, we show the constraints obtained using the full com-
bination of CMB plus BAO plus supernovæ. For the purposes of our
model comparison later on, we label the cases Ia (q = 0), Ib (q = 0.1),
Ic (q = −0.1) and Id (q sampled). Since the supernovæ provide ad-
ditional information on the matter density parameter Ωm, the yellow
contours of case Id are smaller, indicating that in this model, the su-
pernovæ effectively break the degeneracy present in the H0 – Ωm

plane, resulting in tighter constraints on these parameters.

We can also see from this plot that when sampling q, the data prefers
values of the cosmological parameters that are very similar to ΛCDM.
We quantify this in Table 12, where we report the mean posterior
values and 1σ limits obtained using GetDist [242] for this and all
subsequent cases studied. The value of q found in this case is q =
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Figure 31: Constraints on Ωm, H0 and σ8 for ΛCDM (black), and the Shan–
Chen model with q fixed to 0.1 (red), −0.1 (blue) and sampled
(yellow), using the Planck 2018 plus BAO datasets. Bottom panel:
the same settings but with the addition of the Pantheon super-
nova catalogue. In all of these cases, β = 0.3.

−0.05± 0.06, which is completely consistent with the ΛCDM limit of
q = 0.

5.3.2 Case II: different values of β

Next, in Figure 33, we show the result of fixing q = −0.1 and
sampling β. We impose a flat prior of [0.0, 1.0] on β, as it must have
the opposite sign to g, which we have fixed to −8.0. In this plot, we
see the same effect as in Figure 32, where the posterior distribution of
β in the case which it is sampled over (purple contours, case IIb) de-
scribes the allowed range of the posterior distribution when β is fixed.
The other two cases shown are β = 0.3 (blue contours; note that this
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Figure 32: constraints on Ωm, H0 and σ8 for ΛCDM (black), and the Shan–
Chen model with q fixed to 0.1 (red), −0.1 (blue) and sampled
(yellow), using the Planck 2018 plus BAO plus Pantheon super-
nova catalogue. In all of these cases, β = 0.3.
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Figure 33: Constraints on Ωm, H0 and σ8 for the Shan–Chen model with
q = −0.1 and β = 0.3 (blue; note that this case is identical to the
blue contour shown in Figure 32, β = 0.6 (orange) and β sampled
(purple).

case is identical to case Ic) and β = 0.6 (orange contours, case IIa). The
mean posterior values for all these cases are again shown in Table 12.
We find that in this case, the value found for β is β = 0.43 ± 0.28,
showing that the data favours a non-zero β. However, β = 0 is not
a ΛCDM limit of the model – in fact, β = 0 is equivalent to the Cfix
case studied in Chapter 3.

5.3.3 Case III: sampling q and β

We finally consider the case in which we sample over both q and
β. The constraints on the cosmological and model parameters in this
case are shown in Figure 34. We can see that in this case, β is relatively
unconstrained and q is once again consistent with the ΛCDM limit of
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Figure 34: Constraints on Ωm, H0, q, β and σ8 for the Shan–Chen model with
both q and β sampled.

q = 0 (see Table 12). Accordingly, the constraints on the cosmological
parameters are also in good agreement with their values in ΛCDM.

5.3.4 Model comparison

As we described in Chapter 2, there are a number of different ways
to compare cosmological models. The most basic is to examine the
χ2 for each model, and for nested models a χ2 difference test can
be performed. However, the bare χ2 does not take into account any
effects of the prior, or any penalisation due to additional parameters.

To incorporate these factors, estimators such as the deviance inform-
ation criterion, or DIC, are used [174, 175]. The DIC tends to be pre-
ferred over other information criteria such as the Akaike and Bayesian
information criteria, as it is easy to calculate from the results of an
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Case χ2 ∆DIC Bayes factor

Ia (ΛCDM) 3831.75 0.0 n/a

Ib 3835.33 23.08 1.99

Ic 3832.26 4.58 0.01

Id 3832.36 4.95 -2.19

IIa 3833.03 1.88 0.20

IIb 3832.64 3.37 -1.04

III 3832.72 7.67 -2.04

Table 13: Model comparison results (Planck 2018 plus BAO plus Pantheon
supernovæ).

MCMC parameter inference chain. Finally, a fully Bayesian model
comparison can be achieved by computing the Bayesian evidence. The
evidence is not a product of a typical MCMC sampler, but it can be es-
timated from MCMC chains using the MCEvidence [176]. This allows
us to use the Bayes factor as our model comparison tool.

We report the χ2, the ∆DIC and the Bayes factor for all the cases we
consider in this chapter in Table 13. In summary, a smaller χ2 indic-
ates the model is a better fit to the data, a positive value of ∆DIC indic-
ates that ΛCDM is favoured, as does a positive Bayes factor indicates
that ΛCDM is favoured. A negative ∆DIC or Bayes factor indicates
the alternative (i.e. the Shan–Chen model) is favoured. As in Chapter
3, we take ∆DIC = 5 as the threshold for a moderate preference [210].
The Bayes factors values can be interpreted using the Jeffreys scale
(see Table 2).

From the table, we can see that the case with the smallest χ2 (exclud-
ing ΛCDM,) is Ic, i.e. q = −0.1 and β = 0.3 (blue contours). However,
the ∆DIC in this case is positive and close to 5, showing a moderate
preference for ΛCDM over this case. Furthermore, the Bayes factor in
this case is inconclusive.

The case with the largest χ2 and ∆DIC is Ib, i.e. q = 0.1 and β =

0.3 (red contours). This can be easily understood from Figure 32, as
the red contours of case Ib are well separated from the ΛCDM case
and almost in tension with the results of case Id (q sampled, yellow
contours). Case Ib also has a positive Bayes factor, which indicates
that ΛCDM is favoured over this particular alternative model.

Excluding ΛCDM, the case with the next smallest χ2 is Id. Interest-
ingly, this case also has a negative Bayes factor, indicating that it is
favoured over ΛCDM. Overall, this result can be interpreted to mean
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that the Shan–Chen model itself is not disfavoured by the data, but
particular values of q are. When q is sampled over, slightly smaller
values are inferred (i.e. around −0.05 and −0.06 – see cases Id and III
in Table 12), which are acceptable to the data.

Using the Jeffreys scale to interpret the Bayes factor for case Id, we
see that this corresponds to “weak” evidence in favour of the Shan–
Chen model. The fact that we have uncovered even weak evidence
in favour of a model with one (case Id) or two (case III) additional
sampled parameters with respect to ΛCDM is very promising, and
indicates that continued study of this model could be worthwhile.

In Figure 35, we show the CMB temperature–temperature power spec-
trum and matter power spectrum at z = 0 for case Id, calculated using
not only the best fit model parameters, but also the best fit cosmolo-
gical parameters from this case. From the figure we can see that this
particular model results in a very good approximation to the CMB
power spectrum, as can be expected from the model comparison res-
ult. However, the matter power spectrum reveals a small deviation
from the ΛCDM case. This indicates that, in a future analysis, the in-
clusion of more datasets which probe the growth of structure, such
as redshift space distortions, could provide a useful additional con-
straint on the model.

5.3.5 Effect on the H0 tension

As we have previously mentioned, studies of alternative dark energy
models such as the Shan–Chen model presented here can be motiv-
ated by their potential to relax the H0 tension. As we found in subsec-
tion 5.3.4, case Id has the most competitive Bayes factor, so we plot
the two dimensional marginalised contours in the H0 – Ωm plane
in this case in Figure 36, along with the 1 and 2σ bands from the
local constraint on H0 as presented in [94], H0 = 74.03± 1.42 kms−1

Mpc−1.

Note that this plot is similar to the top panel of Figure 19, but we
use a more up-to-date local H0 value, which is marginally larger, and
therefore the tension between the value of H0 in the interacting dark
energy model and the local H0 value appears larger. In fact, the 2σ

contour in the Shan–Chen model shown in Figure 36 has its upper
limit at H0 ≈ 70 kms−1 Mpc−1, as does the 2σ contour in the mean
fiducial model in Figure 19.
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Figure 35: Top panel: CMB temperature–temperature power spectrum for
case Id. Bottom panel: matter power spectrum at z = 0 for case
Id.
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Figure 36: The constraints in the H0 – Ωm plane in case Id (yellow), com-
pared to the ΛCDM constraint (black) and the local measurement
of H0 (grey bands denote the 1 and 2σ limits).

It is therefore clear that while the H0 tension is somewhat relaxed,
the various configurations of the Shan–Chen model studied in this
chapter are not able to fully resolve it. Similarly, in this model, the
direction of degeneracy between H0 and σ8 (as can be seen in Figure
32) is such that both tensions cannot simultaneously be resolved, as
an increase in H0 to match the local value corresponds to an increase
in σ8, whereas a smaller value of σ8 is needed to resolve the tension
in that parameter.

5.3.6 Discussion

The cases studied in this chapter are only a small subset of all possible
models that exist under the umbrella of Shan–Chen dark energy. We
have hardly given any consideration to the original dark energy fluid
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as introduced in [262], focusing instead on the interacting vacuum
scenario in line with the rest of this thesis. Even within the interacting
vacuum Shan–Chen model, we have limited ourselves to fixing ρ∗ =

ρcrit,0, when other possibilities exist, most obviously ρ∗ = ρm(zeq). All
of these remain open to exploration in future works.

However, the repeated failures of the interacting vacuum models we
have studied in this thesis to cure the H0 tension point to the fact that
perhaps this is the wrong line to continue down to try and achieve
this particular goal. While it is beyond the scope of this thesis to
explore these ideas, another type of dark energy such as the early
dark energy presented in [127] could be a more fruitful avenue to
explore, as could more complex modified gravity models (e.g. [265]).

At the start of this chapter, we partially motivated our repurposing of
the Shan–Chen equation of state fluid dark energy model as an inter-
acting model due to its basis in pre-existing physics rather than being
a purely phenomenological model of a vacuum – cold dark matter in-
teraction of the type we used in previous chapters. This opens up an
interesting philosophical question: should this kind of argument be
used more often when constructing alternative dark energy models?

On the one hand, more physically motivated models could yield in-
teresting results, as we have seen in this chapter. On the other hand,
it is important not to become dogmatic when using simplicity as a
motivator, or when making arguments against fine-tuning. After all –
invoking the anthropic principle once more – a Universe with a “nat-
ural” value for the cosmological constant would be inhospitable to
life as we know it [266].

5.4 summary

In this chapter, we have placed the first observational constraints on
the Shan–Chen model of dark energy, as introduced by [262], in the
context of the interacting vacuum scenario. We found that certain
cases within this model are competitive with ΛCDM when perform-
ing a model comparison using the results of our MCMC parameter
inference, but the model still fails to resolve the H0 tension.

The study presented here is a preliminary and non-exhaustive exam-
ination of the Shan-Chen model, and many unexplored combinations
of parameters remain. However, as our analysis shows, it is generally
difficult for these types of interacting dark energy models to be both
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a better fit to the data than ΛCDM and simultaneously resolve the
cosmological tensions.

In the next chapter, we leave behind our investigations of the inter-
acting vacuum scenario to instead study future constraints on the
distance duality relation both in the context of ΛCDM and in mod-
ified gravity, using mock datasets of Type Ia supernovæ, BAO and
standard sirens.



6
S TA N D A R D S I R E N S A N D T H E D I S TA N C E D U A L I T Y
R E L AT I O N

The best thing that we’re put here for’s to see;
The strongest thing that’s given us to see with’s
A telescope.

robert frost

In this chapter, we move on from our studies of interacting dark en-
ergy to forecast constraints on the electromagnetic and gravitational
distance duality relations using gravitational wave standard siren,
Type Ia supernova and baryon acoustic oscillation (BAO) mock data.
We make use of a parameterised approach based on a specific dis-
tance duality relation violation model, along with a machine learning
reconstruction method based on the genetic algorithms. We find that
gravitational waves provide an alternative to the use of BAO data to
constrain violations of the distance duality relation, reaching 3% con-
straints on the violation parameter we consider when combined with
supernovæ, which is only improved by a factor of ≈1.4 if we instead
consider the combination of BAO and Type Ia supernovæ.

We also investigate the possibility that a neglected modification of
gravity might lead to a false detection of distance duality relation viol-
ations, even when screening mechanisms are active. We find that such
a false detection can be extremely significant, up to ≈10σ for very ex-
treme modified gravity scenarios, although this reduces to ≈4σ in a
more realistic case. False detections can also provide a smoking gun
for the modified gravity mechanism at play, as a result of the tension
introduced between the Type Ia supernovæ plus gravitational waves
and Type Ia supernovæ plus BAO combinations. This chapter is based
on [3].

6.1 introduction

On the 11
th February 2016, the Laser Interferometer Gravitational-

Wave Observatory (LIGO) and Virgo collaborations announced the
first direct detection of a gravitational wave signal, coming from
the inspiral, merger and ringdown of a binary black hole system

139
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(GW150914) [80]. The subsequent observation in 2017 of a binary
neutron star merger concurrent with an electromagnetic counterpart
(GW170817) heralded a new era of multi-messenger astronomy and
the use of gravitational wave events as so-called “standard sirens”
[267, 268, 269, 81].

These two groundbreaking observations had important repercussions
for cosmology too. The first lent further support to Einstein’s theory
of general relativity by confirming the theory’s prediction of gravita-
tional waves; the second placed strong constraints on modified grav-
ity theories that predicted a tensor speed different to that of light
[270, 82, 83], as well as providing a new distance ladder independent
measurement of the Hubble parameter H0 [84].

Such a measurement of H0 is still not competitive with those provided
by other probes [271], but it highlights how future gravitational wave
telescopes will be able to shed light on the cosmological tension prob-
lems faced by contemporary cosmology. Recent investigations have
also shown how the observation of gravitational waves will provide
new tests of general relativity, potentially constraining several still
viable modified gravity theories (see e.g. [272, 273, 274]).

One example of a future gravitational wave observatory is the Ein-
stein Telescope (ET), a proposed ground-based triangular interfero-
meter that will be part of the third generation of gravitational wave
detectors [275]. Current terrestrial detectors such as LIGO and Virgo
are limited in the low frequency range by seismic and thermal noise;
these factors will be mitigated especially in the case of the ET by its
proposed underground construction and cryogenic cooling of the in-
terferometer mirrors.

The reduced noise levels of the ET and other third generation detect-
ors will therefore enable extremely sensitive measurements of gravit-
ational wave signals to be made, bringing standard siren detections
into the realm of precision cosmology [276].

As our measurements of cosmological parameters improve, the stand-
ard cosmological model of a spatially flat Universe dominated by
a cosmological constant plus cold dark matter (ΛCDM) is still the
most appealing to explain observations with respect to the most com-
mon alternatives (see e.g. [61, 277] for recent constraints obtained by
the Planck and DES surveys). Therefore, it becomes necessary to con-
sider how best to constrain more exotic deviations from the standard
paradigms of general relativity and ΛCDM.

A feasible possibility is a violation of the distance duality relation,
which relates angular diameter and luminosity distances, a possib-
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ility for which several observational tests have been proposed [278,
279, 280, 281, 282, 283]. Deviations can occur in both the electromag-
netic and gravitational wave sectors. However, these would be due
to very different physical mechanisms, with the former related to a
non-standard propagation of photons and the latter to an anomalous
propagation of gravitational waves.

In this chapter, we focus on the first of these possibilities, studying
a toy model in which the electromagnetic distance duality relation is
broken as photons decay into axions while propagating through cos-
mic magnetic fields. Such deviations of the distance duality relation
are commonly constrained using observations of Type Ia supernovæ
alongside BAO measurements, since the latter are not sensitive to
the violation mechanisms and can therefore break the degeneracies
between distance duality relation violation and standard cosmolo-
gical parameters.

We explore the possible use of future gravitational wave datasets as
an alternative to BAO, or alongside them, to constrain the distance
duality relation violation model under examination. We exemplify
our method using mock datasets for future observations of Type Ia
supernovæ, BAO and gravitational waves and, using an MCMC ana-
lysis, show the constraints that can be obtained on cosmological and
model parameters.

However, this approach can lead to false detections of distance duality
relation violations if mechanisms leading to anomalous gravitational
wave propagation are also at play and are not considered in the ana-
lysis. Exploring this possibility, we attempt to highlight the signatures
of such a scenario in the final results of the analysis pipeline, invest-
igating the constraints one would obtain if both deviations from the
standard behaviour are considered at the same time.

Finally, we also perform a machine learning reconstruction of the
distance duality relations as functions of redshift, using genetic al-
gorithms. Genetic algorithms are a stochastic optimisation approach
that, given some data, can provide functional reconstructions that de-
pend solely on the redshift z and are based on a minimal set of as-
sumptions [284, 285].

The main advantage of this approach is that genetic algorithms are
not susceptible to theoretical priors about the behaviour of the data
under question and can detect hidden features in the data, that at first
sight might be missed by traditional inference approaches. Genetic
algorithms can also help avoid biases in the results and possible false
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detections of distance duality relation violations, something which
we explicitly test using mock data in order to validate our approach.

6.2 photon decay and deviations from the standard

distance duality relation

The investigation of the homogeneous expansion of the Universe com-
monly relies on the observations of standard candles, which probe
the luminosity distance dL(z), and standard rulers, through which
we can measure the angular diameter distance dA(z). The general
relation between these quantities, which holds under the two condi-
tions that the number of photons is conserved and that they travel on
null geodesics in a pseudo-Riemannian spacetime [32, 286], is given
by

dL(z) = (1 + z)2dA(z), (182)

which is called the distance duality relation. Both the luminosity and
angular diameter distance can be obtained in terms of the comoving
distance dc(z) as

dL(z) =(1 + z)dc(z) , (183)

dA(z) =
dc(z)
1 + z

. (184)

Even though these relations hold for the minimal set of assumptions
mentioned above, in this thesis we assume that the background ex-
pansion of the Universe is the one produced by a spatially flat ΛCDM
model, which allows the comoving distance to be expressed as

dc(z) = c
∫ z

0

dz′

H(z′)
, (185)

where H(z) is the Hubble parameter in units of km s−1 Mpc−1 and c
is the speed of light in km s−1.

In this chapter we focus on a violation of the first condition, photon
number conservation, investigating mechanisms that lead photons to
be converted into other particles, such as axions or other axion-like
particles [287]. Axion models have received a spike in interest after
the recent XENON1T observation of excess electronic recoil, which
was attributed to solar axions with a significance of 3.5σ [144]1. Here

1 It has been noted that astrophysical constraints on solar axions are incompatible with
the XENON1T excess [145], and that the detection could be due to the previously
unaccounted-for β decays of tritium in the detector [146]. The significance of the
solar axion fit decreases to 2.1σ if this additional tritium component is considered.



6.2 deviations from the distance duality relation 143

we examine a specific mechanism that considers the possibility of
novel scalar and pseudo-scalar particles inspired from beyond stand-
ard model physics coupling to the photons via the following interac-
tion terms [279]

Lint,scalar =
1

4M
FµνFµνφ (186)

and
Lint,pseudo =

1
8M

εµνλρFµνFλρφ, (187)

where M is the energy scale of the coupling, εµνλρ the antisymmetric
Levi-Civita symbol, φ is the axion particle and Fµν the electromag-
netic field strength. In the presence of magnetic fields, photons have
a non-vanishing probability of converting to axions via a see-saw-like
mechanism after travelling a distance L. The probability is given by
[288, 289]

Pγ→φ = sin(2θ)2 sin
(

∆
cos(2θ)

)2

, (188)

where the parameters in the previous equation are given by ∆ =

m2
effL/4ω, tan(2θ) = 2Bω/(Mm2

eff). Here, B is the strength of the
magnetic field, while ω = 2π f is the frequency of the photons and
m2

eff = |m2
φ −ω2

P|, where ω2
P = 4π2αne/me is the plasma frequency of

the medium related to the effective mass of the photons and mφ is the
axion mass.

This probability of converting photons to axions means that the
photon number is not conserved, hence the observed luminosity dis-
tance, dEM

L (z), is different to the “bare” one, dbare
L (z), which corres-

ponds to a model where the photon number is conserved and can be
computed using (182). Since we can only detect those photons along
the line of sight, the observed and bare luminosity distances are re-
lated by a factor P(z) such that [279]

dEM
L (z) =

dbare
L (z)√
P(z)

. (189)

The redshift evolution of the function P(z) depends on the type of
intervening magnetic field responsible for the photon decay. Follow-
ing [279], we distinguish here between incoherent (inc) and coherent
(coh) magnetic fields, leading to different redshift trends for the P(z)
function:

Pinc(z) = A + (1− A) exp
(
−3

2
H0

c
dc(z) ξ0

)
, (190)

Pcoh(z) = A + (1− A) exp
(
−H(z)− H0

ΩmH0
ξ0

)
, (191)
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where Ωm is the energy density of matter at z = 0. The factor A sets
the amplitude of the deviation from the standard distance duality
relation, and it can be expressed in terms of the initial flux of the
axions and photons at some initial redshift zI , denoted by Iφ(zI) and
Iγ(zI) respectively, as [279]

A =
2
3

(
1 +

Iφ(zI)

Iγ(zI)

)
, (192)

and the parameter ξ0 is related to the transition probability Pγ→φ of
each domain of length L through

ξ0 =
c

H0

Pγ→φ

L
. (193)

Since we expect the photons to travel through several domains of
intergalactic magnetic fields with coherence of at least ∼50 Mpc, then
(190) and (191) can be considered as both an average over several
domains and frequencies of the photons. Moreover, we may make a
heuristic argument that the transition probability should be of the
order of a few percent, which then implies from (193) that ξ0 = O(1).
Hence, throughout the rest of this chapter, we will assume that ξ0 = 1.

Assuming the angular diameter distance dA(z) is not affected, we can
then define the parameter ηEM(z) which characterises the deviation
from the distance duality relation:

ηEM(z) ≡ dEM
L (z)

dbare
L (z)

=
dEM

L (z)
(1 + z)2dA(z)

=
1√
P(z)

, (194)

where P(z) is given by (190) and (191) in the incoherent and coher-
ent regimes respectively. Previous literature investigating departures
from the distance duality relation usually makes use of a simple para-
meterisation (see e.g. [290, 279])

dEM
L = (1 + z)ε0 dbare

L (z) , (195)

which yields
ηEM(z) = (1 + z)ε0 . (196)

Therefore, one can compare (194) and (196) to map current constraints
on ε0. From (192) we see that if A > 1, then this implies that at early
times the intensity of the axions satisfies Iγ(zI) < 2Iφ(zI). Since we
roughly expect the intensity of the particles to be proportional to their
number n, then this also implies that approximately nγ(zI) < 2nφ(zI).
Mapping current constraints on ηEM(z) [166] to the P(z) function
through (194), we obtain, in the coherent regime, A = O(1), which
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Figure 37: A comparison of the incoherent and coherent models, given by
(190) and (191) respectively, versus the phenomenological expan-
sion ε(z) = ε0. We assumed Ωm = 0.315 and ε0 = −0.03.

implies that nγ(zI)'1.881nφ(zI) and it is consistent with the fact that
photons have two polarisations while axions have only one, and at
early times they are all in a thermal equilibrium.

In Figure 37 we show a comparison of the duality parameter ηEM(z)
for the incoherent and coherent axion models, given by (190) and
(191) respectively, versus the phenomenological parameterisation of
(196). We assumed Ωm = 0.315 and ε0 = −0.03. Note that at z = 0,
all models have ηEM(z = 0) = 1. Since the conversion of photons to
axions is an integrated effect along the line of sight, at small distances
away from the observer there are very few, if any, magnetic domains,
and therefore the distance duality relation holds. It is worth pointing
out here that models of the kind investigated here might also lead
to the variation in time of fundamental constants such as the fine
structure constant α (see e.g. [291]).

6.3 forecast distance duality relation constraints :
the impact of standard sirens

In this chapter, we are interested in quantifying the constraints on the
possible deviations from the standard distance duality relation due
to the mechanisms described in section 6.2. The crucial observations
needed to constrain these effects are produced by Type Ia supernova
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surveys, which will provide measurements of the distance modulus
µ(z), connected to the luminosity distance through

µ(z) ≡ m(z)−M = 5 log10 dEM
L (z) + 25 , (197)

where m is the apparent magnitude of the supernova at redshift z and
M its intrinsic magnitude. Such measurements are sensitive to the de-
cay of photons through (189) and can therefore place constraints on
the parameters that govern the coupling of photons to axions, A and
ξ0. However, it has been shown [166] that using the information from
supernova surveys alone leads to strong degeneracies between the
distance duality relation parameters and Ωm, limiting the constrain-
ing power of this observable (more details on this degeneracy are
shown in subsection 6.3.1 below).

For this reason, it is common to combine Type Ia supernovæ with
BAO data; the latter are able to provide constraints on combinations
of the angular diameter distance dA(z), the Hubble parameter H(z)
and the sound horizon at the drag epoch rdrag. These measurements
are not sensitive to the deviation from standard distance duality rela-
tion that we consider and can therefore be used to break the degen-
eracies and increase the constraining power of the data on A.

However, the BAO data come with their own issues. A fiducial cosmo-
logy must be assumed to obtain distances from the measured angular
scale on the sky, thus possibly inducing some model bias in the data.
Further uncertainties are introduced by the fact that non-linear effects
damp and modify the locations of the BAO in the galaxy power spec-
trum, thus possibly introducing systematic errors in the estimation of
the inferred cosmological parameters (see e.g. [292]).

Several techniques have been developed to standardise BAO distance
measurements; however most of them rely on modelling of non-linear
scales, which is not trivial if one abandons the ΛCDM model for
extended theories. Alternatively one can rely on observables not af-
fected by such non-linear effects [293, 294], paying the price of a re-
duced constraining power.

Given these caveats, it would be useful to have an extra observable to
use alongside the routinely employed Type Ia supernovæ and BAO;
such observables would need to be able to probe the cosmological
parameters without suffering from the degeneracy with deviations
from the distance duality relation that Type Ia supernovæ exhibit.

Recent detections of gravitational waves (e.g. [295, 296, 297]) have
shown that these observations can provide a new way of testing the
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fundamental physical mechanisms at play in the Universe. Gravita-
tional waves are the propagation of perturbations in the tensor sector,
which, in general relativity and in vacuum propagation (i.e. obtained
by solving the linearised Einstein field equations with Tµν = 0) satisfy

h′′A(τ, k) + 2Hh′A(τ, k) + k2hA(τ, k) = 0 (198)

with hA(τ, k) the Fourier modes of the gravitational wave amplitude,
the prime representing the derivative with respect to conformal time
dτ = dt/a(t), H the conformal Hubble parameter (H = aH) and the
index A = +,× running over the two polarisations.

It can be shown [79] that hA scales with the luminosity distance as

hA ∝
1

dGW
L (z)

, (199)

and therefore distance measurements can be obtained by observing
gravitational waves from merger events. If the redshift of the event is
measured by observing an electromagnetic counterpart, we can con-
struct a Hubble diagram using these as standard sirens.

The photon–axion coupling we consider in this chapter does not affect
the luminosity distance measured through gravitational wave obser-
vations. These therefore probe the bare luminosity distance, assuming
that no other physical mechanism is leading to deviations from the
gravitational wave propagation predicted by general relativity, and
in (199) dGW

L (z) = dbare
L (z). This implies that, as with the BAO data,

the observations of standard sirens by future surveys can be used in
combination with Type Ia supernovæ to constrain deviations from the
distance duality relation.

We therefore focus on these three observables: Type Ia supernovæ,
BAO and gravitational waves, using them to quantify our future abil-
ity to constrain deviations from the distance duality relation. We cre-
ate simulated data for:

• A Type Ia supernova survey based on what will be achievable
with the Legacy Survey of Space and Time (LSST), performed by
the Vera C. Rubin Observatory. LSST will survey approximately
18,000 square degrees of the sky and conservative estimates pre-
dict observations of 10,000 Type Ia supernovæ up to z≈1 [298].
We provide more details of the LSST data we simulate in the
Appendix, section A.1.

• A BAO survey based on forecast data for the Dark Energy Spec-
troscopic Instrument (DESI), a spectroscopic galaxy survey ex-
pected to be fully operational by the end of 2020 [299]. We
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provide more details of the DESI data we simulate in section
A.2.

• Gravitational wave data expected from the proposed Einstein
Telescope (ET) [275], a future third generation terrestrial gravit-
ational wave observatory. We consider here future observations
of binary neutron star mergers; such events could provide a
corresponding electromagnetic observation, allowing a redshift
measurement, and in this chapter we assume that a counter-
part will be available for NGW = 1000 observations performed
by ET2. We follow the specifications and the noise calculation
presented in [300, 301, 302]. A detailed description of the steps
and assumptions made to obtain the simulated dataset for grav-
itational waves is shown in section A.3.

Note that the ET as an experiment is still in the proposal stage, as op-
posed to DESI, which has already seen first light, and LSST, which is
currently under construction. This means that there is likely to be an
approximately ten year gap between the final data releases from LSST
and DESI and the first results from the ET. Nevertheless, forecasting
the constraints that all three will jointly provide is still an interesting
and useful endeavour.

Following the specifications for these experiments we assume a fidu-
cial cosmology where no deviation from the standard distance dual-
ity relation is present (A = 1), and we take the fiducial values for
the standard cosmological parameters from the Planck 2018 best fit,
Ωm = 0.314 and H0 = 67.36 km s−1 Mpc−1 [61].

Throughout this thesis we assume a vanishing contribution to the
total energy density from curvature (ΩK = 0) and we assume that
the late time expansion of the Universe is dominated by a cosmolo-
gical constant Λ with energy density ΩΛ = 1−Ωm. As the data we
consider only probe the low redshift regime, we consider the contri-
butions from the radiation energy density to be negligible.

We forecast the constraining power of these surveys, implementing
a new likelihood module for the publicly available MCMC sampler
Cobaya [303], obtaining the theoretical prediction for dA(z) from CAMB
[150, 151] for each point in the parameter space, and computing the
luminosity distances observed by Type Ia supernovæ (dEM

L (z)) and
gravitational waves (dGW

L (z)) using (189) and (183) respectively.

2 Such an assumption could be seen as optimistic. If the number of events with an
electromagnetic counterpart is reduced, one could infer the redshift of the mergers
with alternative methods, paying the price of a larger uncertainty on the redshift
estimation (see e.g. [271])
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We sample the standard cosmological parameters Ωm and H0, along-
side the distance duality relation parameter A, imposing flat priors
on them. We obtained our constraints for both the incoherent and co-
herent axion models, finding no significant difference in the results
for each. We thus choose to present only the incoherent model results.

When fitting the simulated supernova data we make use of the like-
lihood described in Appendix C of [304], which takes into account
the complete degeneracy of H0 and M that this probe suffers from,
marginalising them out.

6.3.1 Results

Using the mock datasets introduced above, where no deviation from
the distance duality relation occurs, we aim to forecast the constraints
that will be achieved in the future using the three types of observa-
tions we consider here. We firstly focus on the results obtained using
supernova observations alone. As we already discussed, these obser-
vations are not sensitive to H0 and M individually, but rather only to
their combination.

However, another strong degeneracy appears when we try to con-
strain deviations from the standard distance duality relation. As we
show in Figure 38, the parameter A is strongly degenerate with Ωm,
and a variation of A allows the theoretical predictions we obtain to be
compatible with the dataset for extreme values of the matter energy
density.

Note that to obtain the results of Figure 38, we relied on a grid
sampling of the bi-dimensional parameter space, rather than on
MCMC method based on the Metropolis–Hastings algorithm [165],
such as that implemented in Cobaya, that we use for the rest of the
results. This is necessary due to the degeneracy itself, which results in
the MCMC failing to properly sample the full posterior distribution.
When sampling these parameters using the LSST mock dataset alone,
the Metropolis–Hastings struggles to explore the full line of degener-
acy between A and Ωm, instead finding false peaks in the posterior
distribution which it is unable to move away from.

As a further check, we exploited the method of nested sampling, us-
ing the PolyChordLite code [168, 169] implemented in Cobaya. This
enabled us to properly explore the full extent of the degeneracy, as
nested sampling is much better suited to sampling multi-modal and
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Figure 38: 2D constraints on the matter energy density Ωm and the dis-
tance duality relation violation parameter A obtained analysing
the LSST mock dataset for Type Ia supernovæ.

other complicated distributions than Metropolis–Hastings, and also
allowed us to recover the results obtained with the grid approach.

We were further able to show that the addition of the BAO data-
set is sufficient to break the degeneracy between Ωm and A. We
therefore urge caution when investigating degenerate models with
simple sampling methods such as Metropolis–Hastings, and stress
that checks with different sampling methods are always beneficial.
Such a result highlights the necessity of using other observations
which, unlike Type Ia supernovæ, are not sensitive to the parameter
A and are therefore able to break this degeneracy by measuring Ωm.

We therefore now focus on the combination of Type Ia supernovæ
with BAO and gravitational wave observations. Our constraints on
the cosmological parameters are reported in Table 14, while we show
the marginalised posterior distributions and the two dimensional con-
tours in Figure 39, combining LSST first with ET and DESI separately
and then all together. The 68% confidence intervals of the constraints
are all compatible with the ΛCDM fiducial cosmology, shown by the
dashed lines.

These results show how a combination of Type Ia supernovæ and
gravitational wave observations from the ET would be competitive
with the combination of Type Ia supernovæ and BAO, with the con-
straints that improve only by a factor of ≈1.4 for the latter. The use of
standard sirens is therefore able to break the degeneracy between A
and Ωm and to help in constraining deviations from the distance du-
ality relation, thus allowing us to test whether or not the BAO results
are affected by the possible issues we described above. Nevertheless,
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Figure 39: Constraints on H0, Ωm and the photon–axion decay model para-
meter A for electromagnetic distance duality relation breaking,
using a mock obtained with a ΛCDM cosmology. The combina-
tions of LSST+ET, LSST+DESI and LSST+ET+DESI are shown in
red, yellow and purple respectively.

it is possible to notice in Figure 39 how the A − Ωm degeneracy is
not completely broken by the use of ET data, with the Ωm posterior
moving towards high values because of this effect.

Combining all datasets together the constraints on distance duality
relation violations are improved with respect to the LSST+ET and
LSST+DESI cases, and we achieve a 2% constraint on A.

6.4 modified gravity effects on the luminosity dis-
tance

In section 6.3 we have shown how the use of gravitational wave ob-
servations alongside Type Ia supernovæ allows us to obtain results
competitive with the use of BAO on violations of the distance duality
relation, while at the same time avoiding the possible assumptions
underlying the determination of the BAO data.
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LSST+ET LSST+DESI LSST+ET+DESI

H0 66.87± 0.54 67.75± 0.47 67.44± 0.36

Ωm 0.328± 0.015 0.3056± 0.0090 0.3116± 0.0077

A 0.977± 0.033 1.023± 0.023 1.010± 0.020

Table 14: Mean values and marginalised 68% confidence level errors for H0,
Ωm and A for the three combinations of mock datasets considered.

However, several effects can alter the propagation of gravitational
waves leading to dGW

L (z) 6= dbare
L (z). If such effects are not properly

taken into account, the analysis we proposed above can lead to inac-
curate results, with a bias introduced on the estimation of cosmolo-
gical parameters.

In order to show this possible setback in the use of gravitational
waves, in this chapter we focus on theories alternative to general re-
lativity, such as theories that generalise the Einstein–Hilbert action by
adding non-minimally coupled scalar fields or higher order covariant
terms; in such cases, we expect modifications to the terms of (198).
Changes to the k2hA term cause the speed of propagation of gravita-
tional waves (cT) to vary and are therefore extremely constrained by
the observations of the event GW170817 [81], which determined the
relative difference between cT and the speed of light to be O(10−15).

However, such constraints are obtained for z . 0.1, thus in principle
a time-varying speed of the gravitational wave propagation could be
allowed at higher redshifts. Changes to the friction term of gravit-
ational wave propagation are also not excluded, so overall we can
consider the modified propagation equation of the form [305, 306]

h′′A(τ, k) + 2H[1− δ(τ)]h′A(τ, k) + k2cT(τ)
2hA(τ, k) = 0, (200)

where δ(τ) parameterises deviations from general relativity and is
assumed to be scale independent. It can be shown that such a modi-
fication to the gravitational wave propagation leads to a departure of
the gravitational wave luminosity distance from dbare

L (z) [305, 307],

dGW
L (z) =

√
cT(z)

cT(z = 0)
exp

{[
−
∫ z

0

δ(z′)
1 + z′

dz′
]}

(1 + z)
∫ z

0

cT(z′)
H(z′)

dz ,

(201)
which reduces to the standard luminosity distance for δ(z) = 0 and
cT(z) = c. In what follows we assume that the bound on cT provided
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by GW170817 holds at all redshifts, and therefore, setting cT(z) = c,
the previous equation reduces to

dGW
L (z) = exp

{[
−
∫ z

0

δ(z′)
1 + z′

dz′
]}

(1 + z)
∫ z

0

c
H(z′)

dz (202)

= exp
{[
−
∫ z

0

δ(z′)
1 + z′

dz′
]}

dbare
L (z). (203)

To connect this expression to non-standard theories of gravity, we
can use the relation between δ(τ) and a time-varying effective Planck
mass3, Meff [307],

δ(τ) = −d ln Meff

d ln a
, (204)

which means we can rewrite (202) as

dGW
L (z)

dbare
L (z)

=
Meff(0)
Meff(z)

. (205)

Since the effective Planck mass is related to the effective Newton’s
constant, Geff ∝ 1/M2

eff, we can recast this as

dGW
L (z)

dbare
L (z)

=

√
Geff(z)
Geff(0)

. (206)

An example of a non-standard theory that results in a time-varying
Newton’s constant can be found by examining the well-known
Horndeski action, which describes the most general four dimensional
Lorentz invariant scalar-tensor theory that produces second-order
equations of motion4 [139]. The action is given by

S =
∫

d4x
√
−g

[
5

∑
i=2
Li + Lm

]
, (207)

3 As noted by [307], this relation is not universally true for every theory of modified
gravity and so a non-zero δ(τ) should not be immediately associated with a time-
varying Planck mass. However, for the purpose of our investigation, it is a suitable
choice.

4 We note that it was very recently shown how a combination of Type Ia supernovæ
and gravitational wave events would be able to probe dark energy fluctuations and
a possible running of the Planck mass in the context of Degenerate Higher-Order
Scalar-Tensor (DHOST) theories [308].
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where the Lagrangian densities Li are

L2 = G2(φ, X), (208)

L3 = G3(φ, X)�φ, (209)

L4 = G4(φ, X)R + G4X(φ, X)[(�φ)2 − (∇µ∇νφ)2], (210)

L5 = G5(φ, X)Gµν∇µ∇νφ

− 1
6

G5X(φ, X)[(�φ)3 − 3�φ(∇µ∇νφ)2 + 2(∇µ∇νφ)3], (211)

where X = − 1
2 ∂µφ∂µφ is the kinetic term, R is the Ricci scalar, Gµν

is the Einstein tensor, and φ is the additional scalar field of the
Horndeski theory. Minimally coupled matter fields are contained in
Lm. The action is simplified by the binary neutron star merger con-
straint on the tensor speed, which implies that G4X = G5≈0.

Theories with a surviving quartic Galileon term G4 result in a time-
varying Planck mass, M(t) = MP

√
G4(φ), which corresponds to an

effective Newton’s constant [309]

Geff(t) =
GN

G4(φ)
. (212)

Note that here we focus on the effect of a time-varying Planck mass
and not on the effective Newton’s constant Geff(z, k) which has a
k dependence and manifests as the effective gravitational constant
between two test masses. This k dependence manifests itself for ex-
ample in first-order perturbation theory of f (R) and scalar-tensor
models [310, 311, 312, 313, 314] and in generalised scalar-tensor mod-
els of the f (R, φ, X) type, where X is the kinetic term as above. In this
case the effective Newton’s constant Geff(z, k) is given by [310]

Geff(z, k) =
1
F

f,X + 4
(

f,X
k2

a2
F,R
F +

F2
,φ
F

)
f,X + 3

(
f,X

k2

a2
F,R
F +

F2
,φ
F

) , (213)

where F = f ′(R) = f,R and F,R = F′(R). However, as mentioned
earlier, we will not consider this k dependence here, only assuming
a time dependence of the effective Newton’s constant, which implies
only a time-varying Planck mass, as in (212).

In theories where Newton’s constant is associated with a time-
varying Planck mass, the peak luminosity of Type Ia supernovæ will
also exhibit a dependence on the time variation. This is due to the
fact that the peak supernova luminosity is proportional to the mass
of nickel synthesised in the supernova [315], which is a fixed fraction
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of the Chandrasekhar mass MCh. The latter varies as MCh∼G−3/2
eff ,

and as a result the supernova peak luminosity varies as L∼G−3/2
eff .

Thus, the absolute magnitude of the Type Ia supernovæ will acquire
a correction of the form [316]

M(z) = M0 +
15
4

log10

[
Geff(z)
Geff(0)

]
, (214)

where Geff(0) ≡ GN is the current value of Newton’s constant as
measured in a Cavendish experiment in a laboratory setting. This
equation implies that the distance modulus now also acquires an ex-
tra correction of the form

µ(z) ≡ m(z)−M(z)

= 5 log10 dEM
L (z) + 25− 15

4
log10

(
Geff(z)
Geff(0)

)
. (215)

We note that the effect of modified gravity on the observables shows
an interesting similarity with models in which the fine structure con-
stant α is allowed to vary in redshift. In such models, there is also
a dependency of the observables on the ratio of α taken at different
redshifts (emission and observation). The similarity arises from the
fact that in modified gravity theories falling into the class of scalar-
tensor theories, the additional scalar degree of freedom produces a
non-minimal coupling to the matter sector in the Einstein frame. This
is similar to what happens in varying α models, where an additional
scalar degree of freedom is coupled with the electromagnetic sector
and impacts cosmological observables in a similar way [317].

Despite assuming a modified theory of gravity, we still fix the back-
ground expansion history in our model to that of a flat ΛCDM model,
with fiducial parameters as discussed in section 6.3, and neglect pos-
sible deviations introduced by modifications of gravity. Such a choice
is common in the investigation of modified gravity theories, see e.g.
[61], and it arises from the tight constraints that current data place on
most of these theories, making their background expansions almost
identical to that of ΛCDM; as an example, current data constrain f (R)
theories, included in the Horndeski class described above, to a level
in which any deviation from the standard behaviour needs to be in
the perturbation sector, since the allowed parameter space produces
a background that mimics that of ΛCDM [318, 319, 320].

We should point out that recent studies on the absolute magnitude
dependency on Geff have brought the relation of (214) and (215)
into question. On the one hand it was proposed that even though
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the Chandrasekhar mass varies as MCh∼G−3/2
eff , there are other ef-

fects that cause the effective luminosity of the Type Ia supernovæ
to scale as L∼G3/2

eff , and thus the Geff term in the absolute mag-
nitude would have the opposite sign [321]. On the other hand it was
also suggested that the scaling of the Chandrasekhar mass in terms
of Geff needs to be revised completely, and a relation MCh ∝ G−1

eff
should be considered, resulting in an absolute magnitude given by
M(z) = M0 +

5
2 log10 [Geff(z)/Geff(0)] [309].

While the dependence on the specific parameterisation is important,
we choose to use the standard expression as given by (214) since we
are only interested in modelling the effects of the modified gravity
model. Furthermore, we are only interested in demonstrating how big
the effects of modified gravity can be, so we use the aforementioned
parameterisation as it is representative of this class of models but also
broad enough at the same time.

In order to parameterise the time evolution of Newton’s constant, we
consider a parameterisation for Geff of the form [322]

Geff(z)
GN

= 1 + ga

(
z

1 + z

)n

− ga

(
z

1 + z

)2n

, (216)

which is equal to unity at both early and late times, thus recover-
ing the standard value of Newton’s constant, but allowing it to vary
in between. This parameterisation is actually a Taylor expansion of
Newton’s constant Geff around a = 1 and then expressed in terms of
redshift z via a = 1

1+z . In [322], it was shown that this parameterisa-
tion can successfully fit the growth rate and CMB data, and due to its
specific form it also allows us to avoid the stringent bounds imposed
both at low redshift by Solar system tests [322] and at high redshifts
by Big Bang nucleosynthesis [323].

In this chapter, we want to assess how neglecting modified gravity ef-
fects in gravitational wave propagation might lead to a false detection
of distance duality relation violations. In order to quantify this effect
we follow the same approach of section 6.3 to generate mock data-
sets, this time using a fiducial cosmology that assumes the presence
of modifications of gravity, but no violations of the standard distance
duality relation. Therefore, we set A = 1, n = 2 and generate two
mocks with ga = 0.1 and 0.5 that we call MG-low and MG-high re-
spectively. The former value of ga is consistent data, while the latter
is not, as CMB lensing severely limits the available parameter space
[322].

The value ga = 0.5 is considered here as an extreme case, as an ex-
ample that strongly highlights the degeneracy between the electro-
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magnetic and gravitational wave sectors. Notice that while the BAO
dataset is assumed to be unchanged, both the Type Ia supernovæ and
gravitational wave observations are affected by the variation of Geff,
according to (215) and (206) respectively.

6.4.1 Modified gravity as a contaminant for distance duality relation con-
straints

We now analyse the datasets obtained with a fiducial cosmology
which includes a variation of Newton’s constant, but still following
the same procedure used in section 6.3, i.e. assuming (wrongly) that
the only mechanism that enables a deviation from the ΛCDM ex-
pectations is the decay of photons into axions. We expect that this
assumption will lead to a biased estimation of cosmological and dis-
tance duality relation parameters, and we therefore want to quantify
the false detection of distance duality relation violation that might
arise when analysing data.

We report the results of this analysis on both the MG-low and MG-
high datasets in Table 15 with the contours of the free parameters
Ωm, H0 and A shown in Figure 40, with the ga parameter fixed to its
standard value of 0, which means that in our analysis Geff(z) = GN .

We find that the cosmological and distance duality relation paramet-
ers are significantly biased in the MG-high case when the underlying
fiducial modified gravity cosmology is neglected, a bias that also ap-
pears in the MG-low case, albeit not as significant. For the latter, we
find a false detection of distance duality relation violations reaching
≈4σ, with the parameters Ωm and H0 compatible with the fiducial
cosmology within at most 2σ.

Instead, in the MG-high case, the LSST+DESI data still recovers the
fiducial values of Ωm and H0 within 2σ, but it now shows a striking
false detection of A 6= 1 at ≈10σ. Such a false detection is also present
in the LSST+ET case, with similar significance, but in this case the
cosmological parameters are also significantly biased away from their
fiducial values (≈4σ for Ωm and ≈2σ for H0).

Therefore, the two results are in tension with each other, a hint that
despite both cases showing a strong detection of distance duality re-
lation violations, the mechanism considered is not sufficient to re-
produce the observational data. We also report the combination of
LSST+ET+DESI, even though such a combination is not very statistic-
ally sound, given the tension between the LSST+ET and LSST+DESI
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MG-low

LSST+ET LSST+DESI LSST+ET+DESI

H0 67.16+0.34
−0.38 67.88± 0.45 67.36± 0.26

Ωm 0.308± 0.011 0.3001± 0.0087 0.3074± 0.0058

A 1.076± 0.028 1.093± 0.024 1.076± 0.019

MG-high

LSST+ET LSST+DESI LSST+ET+DESI

H0 66.50± 0.40 67.09± 0.47 66.39± 0.30

Ωm 0.279± 0.011 0.3213± 0.0093 0.3228± 0.0069

A 1.419± 0.036 1.302± 0.029 1.299± 0.024

Table 15: Mean values and marginalised 68% confidence level errors for H0,
Ωm and A for the three combinations of mock datasets considered,
with the results for the MG-low and MG-high mocks shown separ-
ately.

results shown in Figure 40. We therefore make no further comment
on this.

6.4.2 Simultaneous modified gravity and distance duality relation con-
straints

As a consequence of the false detection discussed in subsection 6.4.1,
should a cosmological analysis find evidence for deviations from the
distance duality relation, an analysis allowing for modifications of
gravity should also be performed, as we have shown that its effects
could be mistaken for violations of the distance duality relation.

Hence, we again analyse the MG-low and MG-high datasets, this time
including ga as a free parameter, thus allowing for a redshift evolving
Newton’s constant. Notice that here we fix the parameter n that enters
into (216) to its fiducial value of 2, which is the minimum value al-
lowed from Solar system tests [322].

Performing this analysis, we find a significant degeneracy between
the A and ga parameters, both in the LSST+DESI and LSST+ET com-
bination, which make the posterior distributions very difficult to re-
construct through the Metropolis–Hastings MCMC approach we gen-
erally follow in this thesis. It is easy to see the degeneracy in the
LSST+DESI case, as the distance modulus we compare with Type Ia
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Figure 40: Constraints on H0, Ωm and the photon–axion decay model para-
meter A for electromagnetic distance duality relation breaking,
using a mock obtained with a modified gravity cosmology (MG-
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red, yellow and purple respectively.
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supernovæ data is given by (215) which can also be written, substitut-
ing (183), as

µ(z) = 5 log10 dbare
L (z) + 25− 5

2
log10

[
Pinc(z)

(
Geff(z)
Geff(0)

) 3
2
]

. (217)

It is clear how A, which enters into the expression of Pinc(z), and ga,
which governs the deviations from GN , can compensate each other
to reproduce the mock data. As BAO are not sensitive to either of
these parameters, this degeneracy will not be broken and the two
parameters will be practically unconstrained.

One would expect the combination of LSST+ET not to suffer from
this, as the gravitational waves are only sensitive to ga and should
therefore break such a degeneracy. However, a variation of ga from
its fiducial value can be partially compensated through a change in
Ωm when analysing the ET datasets, since ET has less constraining
power than DESI on this parameter. This means that the degeneracy
between ga and A is also present in this combination and the para-
meters remain unconstrained.

We show this degeneracy in Figure 41 for the MG-low analysis; this
result highlights the importance of combining these three observables
when one wants to analyse both possible deviations from standard
cosmology. Indeed, the addition of DESI to the LSST+ET combina-
tion breaks the degeneracy between ga and Ωm in the analysis of ET
data and, consequently, also breaks the degeneracy between ga and
A, leading to strong constraints on both parameters.

We report these constraints in Table 16, where we find that when
combining LSST+ET+DESI we can constrain A at the level of ≈3%
even when the ga parameter is allowed to vary, with constraints of
≈60% and ≈11% for the latter in the MG-low and MG-high cases
respectively.

6.4.3 Impact of modified gravity screening mechanisms

Throughout this section we have included modified gravity effects
in our analysis, implicitly assuming that for all the scales of interest
these act in the same way. However, in modified gravity theories such
as the well-known f (R) [324], the equivalent scalar degree of free-
dom may develop an environment-dependent mass at small scales or
when acting in a high density region. This dependence then makes
the scalar field heavy enough that it screens the modifications of grav-
ity, rendering them undetectable at those scales.
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Figure 41: Constraints on Ωm, the photon–axion decay model parameter
A for electromagnetic distance duality relation breaking, and
the Newton’s constant variation amplitude ga. The results
are obtained using a mock obtained with the MG-low fidu-
cial cosmology. The combinations of LSST+ET, LSST+DESI and
LSST+ET+DESI are shown in red, yellow and purple respectively.

MG-low MG-high

LSST+ET+DESI LSST+ET+DESI

H0 67.45± 0.26 67.29± 0.33

Ωm 0.3079± 0.0058 0.3174+0.0067
−0.0075

A 1.030± 0.033 1.002± 0.033

ga 0.077± 0.046 0.482± 0.052

Table 16: Mean values and marginalised 68% confidence level errors for
H0, Ωm, A and ga for the full combination of our mock datasets
LSST+ET+DESI.
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A number of these screening mechanisms have been proposed, such
as the chameleon screening [325] or the Vainshtein mechanism [326,
327] and it is clear that in the regimes of interest for our observables,
i.e. the explosion of Type Ia supernovæ and the merging of binary
neutron stars, one or other of these mechanisms might be active. The
impact of screening on the observables we consider is rather diffi-
cult to predict, with the final result being strongly dependent on the
specific mechanism at play.

Focusing on gravitational wave propagation, and assuming that
screening is active at the density and energy scales of the binary mer-
ger, the chameleon and Vainshtein mechanisms lead to different res-
ults; in the latter modifications are screened at the merger but still
impact the propagation of the waves (see e.g. [328]), in the former,
any anomalous gravitational wave propagation might instead be com-
pletely screened away [309, 329].

Here, we take a phenomenological approach and simply look at the
case in which screening completely removes any modification to our
observables, either in the explosion of the Type Ia supernovæ or in
the propagation of gravitational waves from the binary neutron star
mergers. We do not consider the case in which the screening mechan-
ism is active in both these astrophysical phenomena, as the resulting
observations would be indistinguishable from the ΛCDM cosmology
we assumed in section 6.3.

In order to investigate this scenario we consider our MG-high settings,
i.e. a departure from GN as parameterised in (216) with ga = 0.5 and
n = 2, but removing the modified gravity effects from either Type Ia
supernovæ or gravitational waves. We analyse these datasets, again
assuming that no modified gravity effect is taking place, in order to
assess the false detection of a distance duality relation violation. The
results are shown in Figure 42, with the top panel obtained assuming
gravitational waves are screened and Type Ia supernovæ are not, and
the bottom assuming the opposite.

We find that when gravitational waves are screened but Type Ia su-
pernovæ are not, both the LSST+ET and LSST+DESI combinations
find a false detection of distance duality relation violation, as the un-
screened supernovæ dataset appears in all combinations.

If instead the supernovæ are not affected by modified gravity, while
gravitational waves are, the modified gravity effects only enter in
the ET dataset. The combinations including this dataset are there-
fore biased away from the fiducial cosmology, meaning only the
LSST+DESI combination correctly recovers the fiducial. If such a situ-
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ation were to arise in real data, it could provide potential smoking
gun for the effects of a modified gravity model with this type of
screening behaviour.

6.5 machine learning reconstructions

We now consider a machine learning approach that can be used for
non-parametric reconstruction of a given data set, called genetic al-
gorithms. Genetic algorithms follow a stochastic approach based on
the genetic operations of crossover and mutation, in order to express
the notion of grammatical evolution of a population of test functions
applied to data reconstruction.

In other words, genetic algorithms emulate the notion of evolution
via natural selection; a given population changes and adapts to its en-
vironment under pressure from the stochastic operators of crossover,
i.e. a random change in the chromosomes of an individual, and muta-
tion, i.e. the merging of different individuals to form descendants,
usually called offspring. Then, the probability that the members of
the population will produce offspring, or equivalently their repro-
ductive success, is assumed to be proportional to their fitness. The
latter is a measure of how well the members of the population fit the
data and in our analysis we take this to be a standard χ2 statistic, as
introduced in Chapter 2. For various applications to cosmology and
more details on genetic algorithms see [330, 284, 285, 331, 332, 333,
334, 335, 336].

The process followed to fit the LSST, DESI and ET data using genetic
algorithms is the following. First, an initial group of functions, called
the initial population, is created based on a set of orthogonal poly-
nomials which are called the grammar. This step is crucial, as the
choice of the grammar has been shown to directly affect the rate at
which the genetic algorithms code converges [284]. This initial popu-
lation is then set up in such a manner that both the duality parameter
η(z) and dL(z) are encoded simultaneously by every member of the
population.

At this point we may also demand that the targeted functions that are
to be reconstructed, i.e. η(z) and dL(z), satisfy a set of initial condi-
tions or physical priors. For example, these priors might be that the
duality parameter satisfies η(z = 0) = 1 or that the luminosity dis-
tance today is zero, i.e. dL(z = 0) = 0, but in our analysis we remain
completely agnostic with respect to the expansion history of the Uni-
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Figure 42: Constraints on H0, Ωm, and the photon–axion decay model para-
meter A for electromagnetic distance duality relation breaking.
The results are obtained using a mock obtained the MG-high cos-
mology. In the top panel only the modified gravity effects on
gravitational wave propagation are screened, while in the bot-
tom panel the screening only acts on the Type Ia supernovæ. The
combinations of LSST+ET, LSST+DESI and LSST+ET+DESI are
shown in red, yellow and purple respectively.
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verse and we do not assume any specific model for it, as well as for
the distance duality relation deviation mechanism.

As mentioned earlier, the fitness of every member of the population is
estimated with a χ2 statistic, using the LSST, DESI and ET data. After
that, the crossover and mutation stochastic operators are applied to a
subset of the best fitting functions, which are chosen via tournament
selection [284]. This procedure is subsequently repeated hundreds
of times in order to ensure the convergence of the genetic algorithms
code. We also repeat the analysis with several different random seeds,
so as to avoid biasing the fit because of the choice of a specific random
seed.

In order to provide error bounds on the reconstructions, we follow the
approach of [285, 335], where the error regions are estimated using
a path integral calculation over the functional space scanned by the
genetic algorithms. This approach was compared against bootstrap
Monte Carlo error estimates and its accuracy was thus validated [285].
The specific numerical implementation of the genetic algorithms we
use in our analysis is based on the publicly available code Genetic
Algorithms5.

6.5.1 Results

In the genetic algorithms approach we reconstruct the quantities
dbare

L (z), ηEM(z) and ηGW(z), where the latter two are defined as

ηEM(z) =
dEM

L (z)
dbare

L (z)
, (218)

ηGW(z) =
dGW

L (z)
dbare

L (z)
, (219)

and ηGW(z) can also be related to the effective Newton’s constant
Geff(z) via (205) as

ηGW(z) =

√
Geff(z)
Geff(0)

. (220)

Note that in general relativity and the ΛCDM model, both ηEM(z)
and ηGW(z) are exactly equal to unity, hence any deviation from that
value would hint towards new physics, either in the electromagnetic
or modified gravity sector respectively.

5 https://github.com/snesseris/Genetic-Algorithms

https://github.com/snesseris/Genetic-Algorithms
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Having analysed the LSST, DESI and ET data with genetic algorithms,
in what follows we now present the reconstructions of the two dual-
ity parameters. First, in Figure 43 we show the genetic algorithms
reconstruction of ηEM(z) (left) and ηGW(z) (right) using the ΛCDM
mock, while the orange shaded region corresponds to the 1σ errors.
As expected, in both cases the reconstructions are in perfect agree-
ment with unity within the errors and the mean value of the genetic
algorithms result follows exactly the fiducial value of the mock.

Next, we examine the results from the MG-low and MG-high mocks.
In particular, we show the results of the genetic algorithms recon-
struction of ηEM(z) (left) and ηGW(z) (right) in Figure 44 and Figure
45 respectively for the two mocks. In these plots, we also show the
theoretical value of the ηGW(z) with a dot-dashed black line, using
the values n = 2 and ga = (0.1, 0.5) for the MG-low and MG-high
mocks respectively, while the orange shaded region corresponds to
the 1σ errors. As can be seen, while the ηEM(z) reconstructions are in
agreement with unity, the mean value of ηGW(z) follows perfectly the
fiducial model until z∼1 where the supernovæ data end, albeit the
parameter is consistent with unity within the errors in both cases.

Finally, in Figure 46 we show the genetic algorithms reconstruction of
ηEM(z) using the LSST+DESI (left) and LSST+ET (right) combinations
of the MG-high mock, while the orange shaded region corresponds
to the 1σ errors. In both cases, we assume that any possible deviation
from the distance duality relation is sourced from the EM sector, thus
we assume that there are no modified gravity effects, i.e. Geff = GN

and ηGW(z) = 1, in order to examine any possible biases between the
EM and modified gravity sectors.

As can be seen in the left panel of Figure 46, in the case of the
LSST+DESI data combination, the genetic algorithms reconstruction
shows a deviation of the mean ηEM(z) from unity as in the case of
the supernovæ alone any effect of the modified gravity mocks can be
reabsorbed in the luminosity distance, thus rescaling it and affecting
the distance duality relation. We also observe a similar behaviour for
the other data combination, LSST+ET. Hence, in both cases we also
confirm the finding of the parameterised approach that neglecting
the modified gravity effects in the likelihood leads to biases in the
recovered quantities. While some deviation from the fiducial value
of η(z) is found in these plots at high redshifts (z ≥ 1.5), and this is
compatible with the results of the parameterised approach, there is no
a priori widely accepted method on how to quantify it. In principle
however, this could be done through a comparison of the χ2 values
obtained for the genetic algorithms and fiducial model functions.
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Figure 43: Reconstruction of ηEM(z) (left) and ηGW(z) (right) using the
ΛCDM mock.

Figure 44: Reconstruction of ηEM(z) (left) and ηGW(z) (right) using the MG-
low mock. The dot-dashed line corresponds to the fiducial model.

Figure 45: Reconstruction of ηEM(z) (left) and ηGW(z) (right) using the
MG-high mock. The dot-dashed line corresponds to the fiducial
model.

Figure 46: Reconstruction of ηEM(z) using the LSST+DESI (left) and
LSST+ET (right) combinations of the MG-high mock. We assume
no modified gravity effects in the likelihood.
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6.6 summary

In this chapter, we assessed the capability of future gravitational wave
observations to constrain the distance duality relation, alongside the
commonly used observations of Type Ia supernovæ and BAO. Spe-
cifically, we investigated the constraining power of standard sirens
both in combination with Type Ia supernovæ and BAO, and as an
alternative to the latter, thus allowing us to overcome possible as-
sumptions contained in the BAO data.

We firstly examined how the standard distance duality relation can
be broken by a mechanism in which photons decay into axions in the
presence of magnetic fields, demonstrating how standard sirens can
break degeneracies between parameters, and improve the constraints
on cosmological parameters as well as constraining the axion model
parameter A, which encodes the amplitude of the deviation from the
standard distance duality relation in this model.

We then explored how a generic toy model of modified gravity with a
time-varying Newton’s constant can alter the gravitational luminosity
distance measured by standard sirens, while at the same time affect-
ing the measurement of the distance modulus through Type Ia super-
novæ observations. Using two mock datasets with different strengths
of modified gravity, MG-low and MG-high, we showed how the dis-
tance duality relation breaking in the gravitational sector leads to a
4σ false detection of distance duality relation breaking in the electro-
magnetic regime via the photon–axion decay model in the case of the
MG-low mock, if such modified gravity effects are not properly taken
into account. The significance of the false detection rises to 10σ in the
case of the MG-high mock.

This false detection demonstrates the powerful effect on the results
of the parameter estimation pipeline of the assumptions made when
running an MCMC analysis. Consequently, we showed that the ef-
fect can be mitigated by including the modified gravity parameter ga

in our analysis as a free parameter, although the strong degeneracy
between this parameter, the axion model parameter A and the matter
density parameter Ωm meant that reasonable constraints were only
obtained by the full combination of the data, LSST+ET+DESI.

It is well known that many modified gravity models require a screen-
ing mechanism in order to evade stringent solar system constraints.
We investigated the consequences of screening on our constraints,
considering a case in which only the gravitational waves are screened,
and a case in which only the Type Ia supernovæ are screened. In the
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first case, we found yet another false detection of distance duality
relation violation in the LSST+ET and LSST+DESI datasets, due to
the presence of the unscreened supernovæ in both. In the case of
screened supernovæ with unscreened gravitational waves, we found
that any combination which includes the ET mock data was biased
away from the fiducial cosmology, revealing a potential smoking gun
for the presence of modified gravity, if such an effect were to be ob-
served in real data.

Finally, we performed a non-parametric reconstruction of the distance
duality parameter η(z) using a specific machine learning approach,
based on genetic algorithms. We showed that the genetic algorithms
can correctly discriminate between the ΛCDM, MG-low and MG-high
mocks, as in the case of the latter two the mean value of the ηGW(z)
parameter found by the genetic algorithms shows deviations from
unity and it follows the fiducial model perfectly in the range covered
by the supernovæ (up to z∼1). On the other hand, if we neglect the
effects of modified gravity in the likelihood, then the reconstruction
leads to biases as the genetic algorithms cannot discriminate the mod-
ified gravity from the electromagnetic effects, due to degeneracies in
the parameters, something which is in agreement with the paramet-
erised approach.

In conclusion, we have seen how mock datasets of standard siren
events in combination with Type Ia supernovæ and baryon acoustic
oscillations are an excellent way to understand the potential constrain-
ing power of future surveys when applied to the distance duality re-
lation. However, as we have shown, rigorous checks of all possible
degeneracies and biases should be carried out when using standard
siren data in combination with other probes, to ensure that no false
detections of beyond ΛCDM physics are accidentally made. With this
important finding in mind, it becomes abundantly clear that, as our
gravitational wave detectors continue to improve and the number
of observed binary neutron star events begins to increase, standard
sirens will become a vital part of future cosmological analyses.
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D I S C U S S I O N A N D C O N C L U S I O N S

The story so far: in the beginning the Universe
was created. This has made a lot of people very
angry and been widely regarded as a bad move.

douglas adams

The story so far: in this thesis, we have contended that the standard
model of cosmology – or to be precise, the cosmological model in
which gravity is described by general relativity with a spatially flat,
homogeneous and isotropic background, in which the energy budget
is dominated by a cosmological constant and cold dark matter – is
under threat from both a theoretical and observational standpoint.
The cosmological constant problem asserts that we either do not fully
understand quantum physics or cosmology, and dilemmas like the
H0 tension cast doubt on the ability of ΛCDM to fully explain both
low and high redshift cosmology.

We have therefore proposed that alternative models of dark energy
should be considered and investigated, with the aim of resolving or
relaxing one or more of these aforementioned problems. In particu-
lar, we focused on the concept of an interacting vacuum scenario, in
which the vacuum is coupled to the dark matter, allowing for an ex-
change of energy between the two components. We further restricted
the analysis of this scenario to the geodesic situation, in which there
is no additional acceleration on the cold dark matter particles due to
the interaction.

Such models could feasibly explain the H0 tension by allowing for
a growth of vacuum through the decay of dark matter at late times,
thereby resulting in more acceleration and a higher value of H0 at
low redshift. To confront this scenario with observational data, we
modified the public codes CAMB and CosmoMC, enabling exploration
of the posterior distributions of the various model parameters and
cosmological parameters of interest.

In the final part of the research work reported here, we expanded our
scope to consider how observations of standard sirens could be used
to probe violations of the distance duality relation, and highlighted
the importance of understanding degeneracies and biases in the data

171
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when testing the fundamental aspects of cosmology such as distance
measurements.

7.1 summary of results

In Chapter 3, we reported how we found little concrete evidence in
favour of the interacting vacuum scenario in its most basic form,
and furthermore, that (since the data generally prefers ΛCDM) it
struggles to relax any cosmological tension in a meaningful or sig-
nificant way.

In Chapter 4, we extended the analysis of the interacting vacuum
scenario to reconstruct the interaction as a function of redshift, mak-
ing use of a correlation prior to control the reconstruction. We also
performed a Bayesian model comparison, again finding no conclus-
ive evidence that the interacting vacuum scenario is preferred over
ΛCDM by the data.

In Chapter 5, we explored a more complex version of the interacting
vacuum scenario, in which a Shan–Chen equation of state is repur-
posed as the form of the coupling between the vacuum and cold dark
matter. We found that two cases of this more complex and physically
motivated form of the interaction were weakly favoured over ΛCDM,
but that the constraints on the cosmological parameters in this model
were still sufficiently tight that the H0 tension was only slightly re-
laxed rather than completely resolved.

Finally, in Chapter 6, we shifted our investigation away from specific
dark energy models to examine the implications of fundamental pre-
cision cosmology in greater detail. We considered the relationship
between angular diameter and luminosity distances, a relationship
that should remain unaltered provided spacetime is Riemannian and
photon number is conserved. By considering a model of photon–
axion decay, we used mock datasets to forecast future constraints on
the distance duality relation, finding that standard sirens are an excel-
lent alternative to the use of baryon acoustic oscillations, achieving a
3% constraint on the distance duality violation parameter in combin-
ation with Type Ia supernovæ.

We also found that a hidden modification of gravity that has different
effects on the gravitational and electromagnetic luminosity distances
can bias the results in this type of analysis, resulting in a false detec-
tion of a violation of the distance duality relation. Finally, by using
this concept of false detections, we uncovered a new smoking gun



7.2 methodological philosophy 173

for modified gravity with a particular phenomenological screening
behaviour.

7.2 methodological philosophy

The common methodological thread in this thesis was the use of the
Boltzmann solver CAMB and the MCMC sampler CosmoMC. It is import-
ant to consider the effects on the results that the choice of code, and
more fundamentally, the choice of sampling method could have had.

CAMB is now approaching its second decade of use as a tool in cosmo-
logy and has thus been robustly tested in many situations. Since the
models studied in this thesis all have well-defined ΛCDM limits (and
indeed, cannot depart from that standard model too far, otherwise
they would not fit the data at all), it is unlikely that we ran the risk of
falling foul of unknown numerical errors. Furthermore, if unphysical
combinations of parameters are accidentally used, the programme
will generally abort. Further fail-safes of this type can be written into
the code by the user, as was done when implementing our alternative
models.

The use of the Metropolis–Hastings MCMC method for sampling pos-
terior distributions is a little more fraught with problems. By introdu-
cing new models that have never been studied before, setting reas-
onable priors can be challenging, and unforeseen parameter degen-
eracies may arise. Quite apart from any pathological problems that
the choice of sampling method may produce, the computational time
alone required to achieve a good level of convergence in the MCMC
chains discourages any attempts to reproduce such results. This is
not good for the general scientific well-being of the field.

The alternatives to using Metropolis–Hastings MCMC are few and
far between when it comes to cosmological applications. There are a
number of different Python implementations of MCMC algorithms,
but these are generally far too cumbersome to use with a Boltzmann
code (that could already run slowly due to the implementation of
beyond ΛCDM models) and a likelihood with as many nuisance para-
meters as plik18, for example. This rules out samplers such as emcee
[170] from being used for this type of investigation.

A different approach comes with using nested sampling, rather than
Metropolis–Hastings MCMC. As previously mentioned, there is a
cosmology-adapted code for this purpose called CosmoChord, which
is an adaptation of polychord. Nested sampling deals much better
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with multimodal distributions than Metropolis–Hastings MCMC but
this can result in an increased computation time.

Since nested sampling essentially begins in the tails of the distribu-
tion, it can be somewhat unstable when used with CAMB, as the initial
points chosen in the sampling will consequently be the most unphys-
ical values of the parameters (if flat priors are used). This can be
somewhat alleviated by imposing very tight priors, but this in turn
may lead to an exclusion of areas of parameter space which are of
interest.

We note that a new MCMC method, ensemble slice sampling, has
recently been developed, which has excellent potential for cosmolo-
gical applications [337]. A Python implementation of this method is
publicly available as the zeus package [338], and an implementation
that is designed for easy parallelisation and hence use on a cluster is
under development1.

Another tool we used in this thesis was the machine learning recon-
struction method of Gaussian processes. As with any reconstruction,
an increased number of data points will improve the result. This dif-
ference can be seen by comparing Figure 16 with Figure 21. The lat-
ter has four times as many data points, allowing finer details in the
variation of the coupling function to be seen. The Gaussian process
reconstruction can also learn from the errors on the data points that
are given to it, resulting in a smaller error on the reconstruction in
comparison to the cubic spline reconstruction shown in Figure 20.

The reconstruction that results from using Gaussian processes can
depend fairly strongly on the kernel being used. This is highlighted
in Figure 17. In this work, we have focused on using the most basic
kernels that are provided in all Gaussian process or machine learning
packages. However, it can be beneficial to combine these basic kernels,
along with others, such as a white noise kernel, to better approximate
the physical result or model that is being reconstructed.

This is difficult in the case of an interacting dark energy scenario,
where we have little idea of how such an interaction might behave
at intermediate redshifts, but it can be done successfully, for example
when reconstructing the distance duality relation, (218). In this case,
there is a hard physical prior on the reconstruction, as the luminos-
ity and angular distances must exactly coincide at redshift zero. In
[4], it was shown how a custom kernel can be used to almost exactly
recover different fiducial models of distance duality violation using
constraints from future observations of strongly lensed Type Ia su-

1 This package, cronus, is available at https://github.com/minaskar/cronus.

https://github.com/minaskar/cronus
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pernovæ. This emphasises the need to consider how tools can be best
applied to the problem at hand, rather than used immediately out of
the box.

The other machine learning tool used in this thesis was genetic al-
gorithms, as discussed in Chapter 6. Genetic algorithms share some
of the same pitfalls of Gaussian processes, in that the final result can
be somewhat dependent on the hyperparameters chosen, such as the
initial population size and the number of generations the algorithm
evolves for. Furthermore, while the genetic algorithm method is good
at finding a range of good fits or solutions, it may struggle to find
the single most optimal solution, as the full extent of the parameter
space is never explored. Again, this drives home the point that tools
and methods should be carefully chosen according to the problem at
hand, rather than indiscriminately deployed with the expectation of
consistently useful and interpretable results.

7.3 wider implications

Optimisation of computer programmes has been recognised as cru-
cial since the days of Babbage and Lovelace [339]. The modern day
ubiquity of personal computers, the rapid increase of processing
power in laptops and desktop computers and the race to the bot-
tom in the production and release of software have all led to com-
puter programmes becoming generally less efficient. This is further
exacerbated by the popularity of interpreted languages such as Py-
thon, which generally require little optimisation on the part of the
casual user to run programmes successfully.

All of the work reported in this thesis required running computation-
ally intensive jobs on a large high performance computing cluster.
Depending on how the cluster is configured, and how well the pro-
grammes being run are optimised for parallelisation, such high per-
formance computing can be as bad for the environment as telescope
operations or aviation [340, 341, 342].

All of this combined leads to cosmology research of the type presen-
ted here having a heavy environmental footprint. Going forward, it is
important that the field considers how computing power is used, and
in particular, how programmes are written and optimised, especially
for use on clusters. A focus on compiled languages in undergradu-
ate teaching could also go some way to mitigating the environmental
effects of inefficient programmes.
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It is also important to note that not every researcher, potential re-
searcher or student has access to a computing cluster, or even a ba-
sic personal computer. Arguably, the most important tenet of the
scientific method is that experiments should be replicable by other
parties, but if results are obtained using resources available to only
a very small subset of all researchers, this infringes on the reprodu-
cibility of those results. Little can be done to change this in the short
term, as widening access to resources naturally has many economic
implications.

7.4 future directions

That which is in locomotion must arrive at the
halfway stage before it arrives at the goal2.

zeno

At the beginning of this thesis, we asked three questions: is the cos-
mological constant the best explanation for dark energy? what is the
reason for the H0 tension? and how can we ensure our data are both
precise and accurate?

We have proposed and extensively tested the interacting vacuum dark
energy scenario as an attempt to address the first two questions, and
investigated bias that could be induced by modified gravity in future
standard siren observations in the context of constraints on the dis-
tance duality relation. Nevertheless, and fortunately for the health of
the field of cosmology, concrete answers to all three questions still
elude us.

Further research in the field of dark energy would do well to under-
stand the behaviour of structure formation on non-linear scales in
beyond ΛCDM models. While rather difficult and again, computa-
tionally expensive (as it would require running N-body simulations),
this opens up far more observational data that could be used to con-
strain, or even completely rule out these types of models. This point
was exemplified in Chapter 4, in which the DES data had to be ag-
gressively cut to remove the non-linear scales before it could be used
to obtain constraints on the interacting vacuum scenario.

Similarly, the discovery of potential observational signatures that can
only be due to the specific model in question (i.e. smoking guns)
is particularly desirable, as it would allow alternative models to be
definitively ruled out, rather than churning out ever tighter con-

2 Attributed to Zeno by Aristotle, in Physics VI:9, 239b10.
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straints on the model parameters in question as new and better data
becomes available.

Another interesting avenue of related research would be an investig-
ation into the question of Type Ia supernova standardisability. It was
found in [41] that accounting for the effects of redshift-dependent lu-
minosity in supernovæ can go some way to alleviating the H0 and σ8

tensions. However, the supernovæ catalogues themselves are not well
able to constrain the parameters used to describe these systematic ef-
fects. An important next step will be to consider how another probe
of the luminosity distance could be used to constrain these system-
atics and hence as a calibrator for supernovæ luminosities. Standard
sirens are one such probe.

In conclusion, theory and observation in cosmology enjoy a product-
ive symbiosis, in which observations generate new theories and the-
ories point the way to future observational goals. The only thing that
remains persistently clear is the vast amount we have left to learn
about the physics of the cosmos. As cosmologists, our fate is akin to
that of Zeno: we will always be halfway towards an answer to the
many and varied questions about the Universe which our theories
and observations continue to inspire.





A
M O C K D ATA S E T C R E AT I O N

In this Appendix, we explain the procedure followed to create the
mock datasets used in Chapter 6.

a.1 type ia supernovæ

Here we present the details of the Type Ia supernovæ mocks used in
our analysis. In particular, we simulate Type Ia supernovæ observa-
tions based on the specifications of the Legacy Survey of Space and
Time (LSST), performed by the Vera C. Rubin Observatory [298]. The
LSST deep-drilling fields will observe NSNIa = 8800 Type Ia super-
novæ in the redshift range z ∈ [0.1, 1.0], for which we use the redshift
distributions of [343]. Regarding the error budget of the observations,
we follow [343] and for every event i we assign an observational error
σtot,i given by

σ2
tot,i = δµ2

i + σ2
flux + σ2

scat + σ2
intr . (221)

We have assumed that the contributions to the error due to the flux,
scatter, and intrinsic uncertainties described in the previous equation
are given by σflux = 0.01, σscat = 0.025, and σintr = 0.12 respectively
and are the same for all events. However, we also include an error on
the distance modulus µ(z) = m(z)−M,

δµi = eM zi, (222)

which evolves linearly in redshift, but now the parameter eM is nor-
mally distributed with standard deviation σ(eM) = 0.01 and vanish-
ing mean [344, 343].

In Figure 47 we show the distance modulus of the LSST ΛCDM Type
Ia supernovæ mock, along with the 1σ error bars of each point for the
mock. The data points are in red, while the fiducial is in yellow. The
error bars correspond to 1σ errors.
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Figure 47: The distance modulus for the LSST ΛCDM Type Ia supernovæ
mock as a function of redshift. The data points are in red, while
the fiducial is in yellow. The error bars correspond to 1σ errors.
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a.2 baryon acoustic oscillations

For the baryon acoustic oscillation mocks, we make use of the exten-
ded redshift range of the Dark Energy Spectroscopic Instrument [299],
which will probe the large scale structure and expansion rate of the
Universe. The DESI survey will measure the optical spectra of tens of
millions of quasars and galaxies up to z ∼ 4, so as to enable redshift
space distortion and BAO analyses. Here we base our mock DESI
data on the official forecasts for both the angular diameter distance
dA(z) and the Hubble parameter H(z) [299].

The DESI survey will have a coverage of approximately 14,000 deg2

and the main types of DESI targets will be quasars, emission line
galaxies, luminous red galaxies and bright galaxies. The main DESI
forecast measurements will cover the range z ∈ [0.05, 3.55], with a
precision that may depend on the target population. In particular, the
DESI bright galaxies will be in the redshift range z ∈ [0.05, 0.45] in
five equispaced redshift bins, while the Lyα forest quasars will be in
the range z ∈ [1.96, 3.55] with eleven equispaced redshift bins. On
the other hand, the luminous red galaxies and emission line galaxies
will be in z ∈ [0.65, 1.85] with thirteen equispaced redshift bins. Fi-
nally, we also assume that the aforementioned measurements will be
uncorrelated.

In our analysis in particular, we simulate measurements of the angu-
lar diameter distance dA(z) and the Hubble parameter H(z) in the
redshift range z ∈ [0.05, 3.55]. In the top and bottom panels of Figure
48 we show the DESI ΛCDM BAO mocks for the angular diameter
distance dA(z) (top) and the Hubble parameter H(z) (bottom). The
data points are in red, the fiducial model in each case is in yellow,
while the error bars correspond to 1σ errors.

a.3 standard sirens

The inspirals and mergers of compact objects cause gravitational
waves to propagate through spacetime. These waves can be detec-
ted by the strain h(t) they produce in interferometers. This strain is
expressed in the transverse traceless gauge as [79]

h(t) = F+(θ, φ, ψ)h+(t) + F×(θ, φ, ψ)h×(t), (223)

where h+,× are the two independent components of the gravitational
wave tensor hαβ, F+,× are the corresponding antenna pattern func-
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Figure 48: The DESI ΛCDM BAO mocks for the angular diameter distance
dA(z) (top) and the Hubble parameter H(z) (bottom). The data
points are in red, while the fiducial in each case is in yellow. The
error bars correspond to 1σ errors.
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tions, ψ is the polarisation angle, and (θ, φ) is the angular position of
the wave source on the sky with respect to the detector.

During an inspiral, there is negligible change in the orbital frequency
over a single period. We can therefore compute the Fourier transform
of the strain h(t) in the stationary phase approximation [345, 300,
301],

H(f) = Af−
7
6 exp

{[
i(2πft0 −

π

4
+ 2Ψ(f/2)− ϕ(2,0))

]}
, (224)

where t0 is a constant giving the fiducial epoch of the merger, which
for the purposes of our analysis we set to zero.

The Fourier amplitude A is given by

A =
1

dGW
L (z)

√
F2
+[1 + cos2(ω)]2 + 4F2

× cos2(ω)

√
5π

96
π−

7
6M

5
6
c , (225)

where ω is the inclination of the orbital angular momentum with
respect to the line of sight, andMc = Mη3/5 is the chirp mass, related
to the masses1 of the two binary components (m1 and m2) through
the symmetric mass ratio η = m1m2/M2 and the total mass M =

m1 + m2.

The phase Ψ(f) is given by

Ψ(f) = ψ0 +
3

256η

7

∑
i=0

ψi(2πMf)(i/3), (226)

where ψ0 is the phase at the fiducial epoch and ψi are the coefficients
of the post-Newtonian expansion [346] (see Equation 129 of [300] for
the specific form used here). On the other hand, the function ϕ(2,0) is
given by

ϕ(2,0) = tan−1
(
− 2 cos(ω)F×
(1 + cos2(ω)F+

)
. (227)

We can see from (225) that measuring the amplitude of gravitational
wave signals allows estimates of the luminosity distances of the as-
sociated mergers to be obtained. However, in order to create a mock
dataset of these mergers, we need to propagate the observational er-
ror to the luminosity distance. We focus here on the expected error
for the Einstein Telescope, and following [347, 302] we approximate
the instrumental error on dGW

L (z) as

σinst(dGW
L (z)) ≈ 2dGW

L (z)
ρ

, (228)

1 Notice that the masses considered here are the observed masses, obtained from the
intrinsic ones as Mobs = (1 + z)Mint.
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where ρ is the combined signal-to-noise ratio of the three interfero-
meters of the ET, with ρ2 = ∑i ρ2

i , and ρi obtained as

ρi =
√
〈Hi,Hi〉 =

[
4
∫ fupper

flower

H(f)H∗(f) df
Sh(f)

] 1
2

. (229)

There is a correlation at play between the gravitational wave lumin-
osity distance and the inclination of the source to the observer. For a
single detector, dGW

L (z) and ω are completely degenerate with each
other and the antenna patterns F+,×. However, with more than one
detector, and sensitivity to both polarisations, this degeneracy can be
broken. The maximum effect of this degeneracy on the signal to noise
ratio is a factor of two, between the source being face on (inclination
ω = 0) and edge on (ω = π/2); this is the source of the factor of two
that appears in (228) [348].

In (229), the function Sh is the noise power spectral density; this func-
tion is provided for the ET in [301], where the antenna pattern func-
tions for the three interferometers are given by

F(1)
+ (θ, φ, ψ) =

√
3

2

[
1
2
(1 + cos2(θ)) cos(2φ) cos(2ψ)

− cos(θ) sin(2φ) sin(2ψ)

]
F(1)
× (θ, φ, ψ) =

√
3

2

[
1
2
(1 + cos2(θ)) cos(2φ) cos(2ψ)

+ cos(θ) sin(2φ) sin(2ψ)

]
F(2)
+, ×(θ, φ, ψ) =F(1)

+, ×(θ, φ +
2π

3
, ψ)

F(3)
+, ×(θ, φ, ψ) =F(1)

+, ×(θ, φ +
4π

3
, ψ). (230)

The frequency boundaries of (229) represent the cut-off frequencies
of the observation. The upper one is connected to the last stable orbit
(LSO) and is given by

fupper = 2fLSO =
2

63/22πMobs
. (231)

The lower cut-off frequency is dictated by the experimental configura-
tion, as well as the location of the detector (for example, seismic noise
affects ground-based detectors, raising this frequency in comparison
to space-based detectors). We take the lower cut-off frequency to be 1
Hz [300, 301].
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We now have all the equations needed to obtain the error σinst on
the fiducial dGW

L (z) we computed. It is expected that the Einstein
Telescope will be able to observe on the order of 105 binary neut-
ron star and neutron star–black hole mergers per year [300]. How-
ever, only a small fraction of these will be accompanied by the visible
optical counterpart necessary for cosmological parameter estimation.
We therefore make the realistic assumption that 1000 binary neutron
star sources with an optical counterpart will be detected over a three
year period. This allows us to make some other important simplifica-
tions:

• We assume that these 1000 events are the subset of observations
for which we can observe an electromagnetic counterpart in the
form of short γ-ray bursts. This allows us to assume that we
have a precise determination of the redshift for each event;

• As discussed in [302, 349], the detection of short γ-ray bursts
implies that the systems are oriented approximately face on,
which allows us to assume that the inclination ω ≈ 0. It is noted
in [348, 350] that the maximum inclination angle is around 20°,
but if the information matrix is averaged over the inclination
and polarisation ψ with the condition ω < 20° this is the same
as fixing the inclination to zero;

• We can assume the same masses of the binaries for all observed
systems, with m1 = m2 = 1.4 M�.

With these assumptions in mind we generate our N events assuming
a uniform distribution for their position (θ, φ) in the sky, while for
their distribution in redshift we use [301]

P(z) ∝
4πd2

c(z)R(z)
H(z)(1 + z)

, (232)

where dc(z) is the comoving distance and R(z) is the merger rate of
the binary systems, given by [351]

R(z) =


1 + 2z if z ≤ 1,
3
4 (5− z) if 1 < z < 5,

0 if z ≥ 5.

(233)

With the equations and the assumptions reported here, we are able to
simulate our data points using the fiducial values of dGW

L (zi) at each
sampled redshift zi and a total error on the observation given by

σ(dGW
L (z)) =

√
σ2

inst + σ2
lens, (234)
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Figure 49: Luminosity distance for the ET ΛCDM gravitational wave mock
as a function of redshift. The data points are in red, while the
fiducial is in yellow. The error bars correspond to 1σ errors.

where σlens ≈ 0.05z is an extra error contribution given by weak lens-
ing effects on the luminosity distance [300]. Finally we simulate a
spread of dGW

L (zi) with respect to the fiducial values, as it is given by
observational noise, and therefore our final data points are obtained
for each redshift from a Gaussian distribution with mean dGW

L (zi) and
standard deviation σ(dGW

L (zi)). The final result is shown in Figure 49.
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